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Abstract
We present a polynomial-time (4 + 𝜖)-approximation algorithm for
(high-dimensional) Euclidean 𝑘-Means. This substantially improves
on the current-best 5.83-approximation in [Charikar, Cohen-Addad,
Gao, Grandoni, Lee, Van Wijland - FOCS’25] (that also works for
the metric case).

The mentioned algorithm by Charikar et al. critically exploits
a greedy Lagrangian Multiplier Preserving (LMP) approximation
for Facility Location with squared metric distances, that adapts
the classical greedy algorithm with dual-fitting analysis for Metric
Facility Location in [Jain, Mahdian, Markakis, Saberi, Vazirani -
J.ACM’03]. The authors then turn it into an approximation algo-
rithm for (Metric) 𝑘-Means, at the cost on an extra factor 1 + 𝜖, by
exploiting the framework introduced in [Cohen-Addad, Grandoni,
Lee, Schwiegelshohn, Svensson - STOC’25] for 𝑘-Median.

Our main contribution is a greedy LMP 4-approximation for Fa-
cility Location with squared Euclidean distances. Differently from
Charikar et al., our algorithm sometimes decreases the dual vari-
ables, a quite uncommon feature for dual-based algorithms. This is
critical in our dual-fitting analysis in order to exploit the specific
properties of Euclidean metrics. For the (4 + 𝜖)-approximation for
𝑘-Means, we extend the framework by Cohen-Addad et al. by over-
coming substantial technical challenges posed by decreased dual
values.
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1 Introduction
Euclidean 𝑘-Means is arguably the most well-studied clustering
problem in Euclidean spaces. Given a set 𝐷 ⊆ ℝ𝑡 and 𝑘 ∈ ℕ, the
goal is to find 𝑘 centers 𝑆 = {𝑠1, … , 𝑠𝑘} ⊆ ℝ𝑡 to minimize

∑
𝑗∈𝐷

𝑑2(𝑗, 𝑆) = ∑
𝑗∈𝐷

min
𝑖∈𝑆

𝑑2(𝑗, 𝑖),

where 𝑑2(𝑥, 𝑦) ∶= ‖𝑥 − 𝑦‖22 denotes the squared Euclidean distance.
It has been studied at least as early as the 1950s [31, 32, 36] with
wide applications to signal/image processing, data mining, statistics,
and machine learning.

The best-known approximation factor is a 5.83-approximation by
Charikar, Cohen-Addad, Gao, Grandoni, Lee, and Van Wijland [6].
This improves on a sequence of increasingly better approximations
for the problem: a (9 + 𝜖)-approximation by Kanungo, Mount, Ne-
tanyahu, Piatko, Silverman, and Wu [25], a 6.36-approximation by
Ahmadian, Norouzi-Fard, Svensson, and Ward [1], a 6.13-approxim-
ation by Grandoni, Ostrovsky, Rabani, Schulman, and Venkat [19],
and a 5.92-approximation by Cohen-Addad, Esfandiari, Mirrokni,
and Narayanan [10].

However, there is still a wide gap between algorithms and hard-
ness results. Even the NP-hardness of the exact optimization was
proved less than 20 years ago [15]. And after a series of papers [3,
14, 27], the best hardness of approximation factor is 1.06 assuming
P ≠ NP and 1.36 assuming the Johnson Coverage Hypothesis [14].

Euclidean 𝑘-Means can be further generalized to Metric 𝑘-Means,
where a general metric space (𝐷 ∪ ℱ, 𝑑) is explicitly given and
the goal is to find 𝑘 centers 𝑆 = {𝑠1, … , 𝑠𝑘} ⊆ ℱ to minimize
∑𝑗∈𝐷 𝑑2(𝑗, 𝑆). Given an instance 𝐷 ⊆ ℝ𝑡 and 𝑘 for the Euclidean
version, known reductions [16, 17, 34] allow one to focus on a set of
candidate centers ℱ of size 𝑛𝑂𝜖(1) while introducing a factor 1 + 𝜖
in the approximation for any constant 𝜖 > 0. Therefore, one can
(essentially) see Metric 𝑘-Means as a generalization of Euclidean
𝑘-Means.The aforementioned 5.83-approximation for the Euclidean
version [6] indeed holds for the general metric version, while the
hardness of approximation factor is much larger for the general
metric case compared to the Euclidean case, namely 1 + 8/𝑒 ≈ 3.94
[23].

https://creativecommons.org/licenses/by/4.0
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Our main result is a (4+𝜖)-approximation for Euclidean 𝑘-Means
for any constant 𝜖 > 0, which significantly improves the 5.83-
approximation in [6] and gets close to the 3.94-hardness for general
metrics.

Theorem 1. For any sufficiently small constant 𝜖 > 0, there is a
randomized polynomial-time (4 + 𝜖)-approximation for Euclidean
𝑘-Means.

1.1 Related Work
𝑘-Means, 𝑘-Median, and 𝑘-Center are three of the most well-studied
clustering problems in a metric space where the target number of
clusters 𝑘 is fixed. Given a metric space (𝐷 ∪ ℱ, 𝑑), in 𝑘-Center, the
goal is to choose a set 𝑆 ⊆ ℱ of 𝑘 centers in order to minimize
max𝑗∈𝐷 𝑑(𝑗, 𝑆). 𝑘-Center admits a simple greedy 3-approximation1.

𝑘-Median is defined like 𝑘-Means, except that the goal is to mini-
mize the sum of the distances rather than squared distances, i.e., the
objective function is∑𝑗∈𝐷 𝑑(𝑗, 𝑆). 𝑘-Median is very close to 𝑘-Means
in terms of results and techniques. 𝑘-Median is hard to approxi-
mate below a factor 1 + 2/𝑒 [23]. For general metric distances, the
first constant approximation was achieved by Charikar, Guha, Tar-
dos and Shmoys [8]. After a very long sequence of improvements
[2, 5, 12, 18, 22, 24, 30], the current-best (2 + 𝜖)-approximation
for this problem was very recently achieved by Cohen-Addad,
Grandoni, Lee, Schwiegelshohn, and Svensson [13]. This is also
the best result for the Euclidean case, improving on an earlier 2.406-
approximation [10].

Another closely related problem is Uncapacitated Facility Lo-
cation, where given a metric space (𝐷 ∪ ℱ, 𝑑) and facility open-
ing costs 𝑓 ∶ ℱ → ℝ+, the goal is to open a subset of facilities
𝑆 ⊆ ℱ (without cardinality restriction) to minimize ∑𝑠∈𝑆 𝑓 (𝑠) +
∑𝑗∈𝐷 𝑑(𝑗, 𝑆). For general metrics, the best-known approximation
factor is 1.488 [29], which is a culmination of another long line
of work [4, 7, 9, 20, 22, 24, 33, 35]. This is very close to the best-
known lower bound [20] 1.463. A slightly better approximation
is known for the Euclidean version [28]. The greedy algorithm by
Jain, Mahdian, Markakis, Saberi, and Vazirani [22] gives an LMP
2-approximation for this problem. The LMP approximation factor
was recently improved slightly below 2 by Cohen-Addad, Grandoni,
Lee and Schwiegelshohn [12].

Euclidean 𝑘-Means with a small value of 𝑘 or a small dimension 𝑡
has been actively studied as well. When both 𝑘 and 𝑡 are constants,
the problem can be solved exactly in polynomial time [21]. Further-
more, there are (1 + 𝜖)-approximation algorithms that run in time
𝑓 (𝜖, 𝑘)poly(𝑛) [17, 26] and 𝑓 (𝜖, 𝑡)poly(𝑛) [11].

2 Overview of our Approach
At a very high level, our approach follows the general two-step
framework that yielded a recent (2 + 𝜖)-approximation for Metric
𝑘-Median [13] and a 5.83-approximation for Metric 𝑘-Means [6].
The framework is a combination of two different algorithms. The
first one is a bicriteria approximation algorithm with the desired
approximation factor, which opens 𝑂(log 𝑛/𝜖3) more centers than
the 𝑘 allowed ones. Let opt denote the optimal solution cost for the
considered instance.

1For the special case 𝐷 = ℱ, there is a 2 approximation which is also tight.

Theorem 2. For any sufficiently small constant 𝜖 > 0, there is
a polynomial-time algorithm for Euclidean 𝑘-Means that returns a
solution containing at most 𝑘 + 𝑂(log 𝑛/𝜖3) centers and of cost at
most (4 + 𝑂(√𝜖))opt.

The second algorithm is a (4 + 𝑂(√𝜖))-approximation algorithm
that only works for instances which are stable in the following sense.
We say that an instance of 𝑘-Means is 𝛽-stable if opt𝑘−1 ≥ (1+𝛽)opt,
where opt𝑘′ is the optimal cost for the same instance but with
the target number of centers being 𝑘′. This algorithm works for
the more general metric case, however under the assumption that
𝐷 ⊆ ℱ.

Theorem 3. For any constants 𝜖, 𝜁 > 0, there exists a randomized
polynomial-time algorithm that, given a (𝜁 / log 𝑛)-stable Metric 𝑘-
Means instance with 𝐷 ⊆ ℱ, returns a solution of cost at most (4 +
𝑂(√𝜖))opt with high probability.

It is relatively easy to derive Theorem 1 from the above two
theorems.

Proof of Theorem 1. We compute a set of feasible solutions,
and return the cheapest one. Let Δ be the maximum extra number
of centers computed by the algorithm fromTheorem 2 (this number
is independent from 𝑘). Let 𝑘′ = max{1, 𝑘 − Δ}. One solution is
obtained by computing the optimum solution with one center if
𝑘′ = 1, and otherwise by running the algorithm from Theorem
2 with target number of centers being 𝑘′ (notice that it returns a
solution with at most 𝑘 centers, hence feasible). Furthermore, we
apply the reduction in [16, 17, 34] to obtain an instance of Metric
𝑘-Means with candidate centers ℱ. W.l.o.g. we can enforce that
𝐷 ⊆ ℱ since we can open centers at any location. Let opt𝑘′ indicate
the optimal cost for the latter instance with 𝑘′ centers. Observe that
opt𝑘′ ≤ opt𝑘′ ≤ (1 + 𝜖)opt𝑘′ . We run the algorithm from Theorem
3 for the obtained metric instance for every integer 𝑘″ ∈ (𝑘′, 𝑘]
(thus obtaining solutions with 𝑘″ ≤ 𝑘 centers, hence feasible).

If opt𝑘′ ≤ (1 + 𝜖)2opt𝑘, the first solution is (1 + 𝜖)2(4 + 𝑂(√𝜖))
approximate. Otherwise, observe that opt𝑘′ ≥ opt𝑘′≥ (1+𝜖)2opt𝑘 ≥
(1 + 𝜖)opt𝑘. Thus there exists an integer 𝑘″ ∈ (𝑘′, 𝑘] such that
opt𝑘″ ≤ (1 + 𝜖)opt𝑘 and opt𝑘″−1 ≥ (1 + 𝛽)opt𝑘″ for 𝛽 ∈ Ω(𝜖/Δ) =
Ω(𝜖4/ log 𝑛). For that value of 𝑘″ the corresponding instance of
Metric 𝑘-Means is 𝛽-stable, hence the respective solution has cost
at most

(4 + 𝑂(√𝜖))opt𝑘″ ≤ (1 + 𝜖)(4 + 𝑂(√𝜖))opt𝑘
≤ (1 + 𝜖)2(4 + 𝑂(√𝜖))opt𝑘

The claim follows by rescaling 𝜖. �

It remains to describe how the above two theorems are obtained.
The algorithm fromTheorem 3 is an adaptation of a rather complex
5 + 𝑂(√𝜖) approximation for stable instances of Metric 𝑘-Means in
[13]. The assumption 𝐷 ⊆ ℱ, that is w.l.o.g. for metric instances
arising from Euclidean ones, leads to a massive simplification of
their algorithm and analysis, while improving the approximation
factor to 4 + 𝑂(√𝜖).

The main contribution of this paper is our proof of Theorem 2.
In more detail, we consider the (Uncapacitated) Facility Location
problem with squared Euclidean distances and uniform opening
costs. The input is 𝐷 ⊆ ℝ𝑡 and the uniform facility cost 𝑓. We are
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allowed to open an arbitrary number of centers/facilities 𝑆 ⊆ ℝ𝑡,
and the objective function is the total cost of the open facilities plus
the squared distance from each client to the closest (open) facility
in 𝑆, i.e.,

cost𝐹𝐿(𝑆) ∶= 𝑓 |𝑆| +∑
𝑗∈𝐷

𝑑2(𝑗, 𝑆) .

Using the reductions in [16, 17, 34], in polynomial time we construct
a set ℱ of candidate centers for the clusters so that, if we restrict
to those centers, the cost of the solution grows at most by a factor
(1 + 𝜖). Based on that we define the following LP relaxation for the
problem and its dual:

min ∑
𝑖∈ℱ,𝑗∈𝐷

𝑑2(𝑖, 𝑗)𝑥𝑖,𝑗 + 𝑓 ⋅ ∑
𝑖∈ℱ

𝑦𝑖 (𝐿𝑃𝐹𝐿(𝑓 ))

s.t. ∑
𝑖∈ℱ

𝑥𝑖,𝑗 ≥ 1 ∀𝑗 ∈ 𝐷

𝑦𝑖 − 𝑥𝑖,𝑗 ≥ 0 ∀𝑗 ∈ 𝐷, 𝑖 ∈ ℱ
𝑥, 𝑦 ≥ 0.

max ∑
𝑗∈𝐷

𝛼𝑗 (𝐷𝑃𝐹𝐿(𝑓 ))

s.t. ∑
𝑗∈𝐷

[𝛼𝑗 − 𝑑2(𝑖, 𝑗)]+ ≤ 𝑓 ∀𝑖 ∈ ℱ

𝛼 ≥ 0.

Above, [𝑎]+ ∶= max(𝑎, 0). Let opt𝐿𝑃(𝑓 ) be the optimal values for
𝐿𝑃𝐹𝐿(𝑓 ).

We say that an algorithm for the above problem is Lagrangian
Multiplier Preserving (LMP) Γ-approximate if it produces a feasible
solution 𝑆 such that

Γ ⋅ 𝑓 |𝑆| +∑
𝑗∈𝐷

𝑑2(𝑗, 𝑆) ≤ Γ ⋅ opt𝐿𝑃(𝑓 ). (1)

In other words, the solution costs at most Γ times the optimum
even if we increase the facility cost of 𝑆 by a factor Γ.

For Metric Facility Location, the two prominent ways to ob-
tain an LMP approximation are the primal-dual method of Jain
and Vazirani [24] and the greedy algorithm (with the dual-fitting
analysis) of Jain, Mahdian, Markakis, Saberi, and Vazirani [22]. It
is relatively easy to adapt the primal-dual algorithm to obtain an
LMP 9-approximation for Facility Location with squared metric
distances [1]. The absence of triangle inequality has made it hard
to generalize the greedy algorithm too. A recent work [6] suggests
a modification of the greedy algorithm, which bypasses this diffi-
culty and yields an LMP 5.83-approximation. Our main technical
contribution is a further refinement of this direction specifically
exploiting the structure of Euclidean spaces, which results in an
LMP 4-approximation for Facility Location with squared Euclidean
distances.

The Greedy Algorithm in [6]. Let us review the greedy algorithm
of [6]. The algorithm has a variable 𝛼𝑗 per client 𝑗 (initialized to 0), a
set 𝑆 of open facilities (initialized to ∅), and a set 𝐴 of active clients
(initialized to 𝐷). We partition the remaining inactive clients into
the directly connected ones 𝐷𝐶 and indirectly connected ones 𝐼 𝐶.
We choose some parameter 𝛾 > 1 and let Γ = 𝛾 + 2𝛾

𝛾−1 . We define a

scaled facility cost ̂𝑓 = Γ 𝑓. At each point of time, the bid 𝑏𝑖𝑑(𝑗, 𝑖) of
client 𝑗 towards facility 𝑖 is [𝛼𝑗 − 𝛾𝑑(𝑗, 𝑖)]+ if 𝑗 is active or indirectly

connected and 𝛾 [𝑑(𝑗, 𝑆) − 𝑑(𝑗, 𝑖)]+ otherwise2. The variables 𝛼𝑗 of
active clients are increased uniformly until one of the following
events happens:

(a) For some client 𝑗 and 𝑖 ∈ 𝑆, 𝛼𝑗 ≥ 𝑑(𝑗, 𝑖). In that case 𝑗 is moved
from 𝐴 to 𝐼 𝐶, and we say that 𝑗 is connected to 𝑖;

(b) For some (not open) facility 𝑖 ∉ 𝑆, one has∑𝑗∈𝐷 𝑏𝑖𝑑(𝑗, 𝑖) = ̂𝑓.
In that case we open 𝑖, i.e., we add 𝑖 to 𝑆. Furthermore, each
𝑗 ∈ 𝐷 with 𝑏𝑖𝑑(𝑗, 𝑖) > 0 is moved to 𝐷𝐶, and (re)connected
to 𝑗. Also, each client 𝑗 ∈ 𝐴 with 𝛼𝑗 ≥ 𝑑2(𝑗, 𝑖) is moved to 𝐼 𝐶
and connected to 𝑖.

Intuitively, active clients are not yet connected to any open facility,
and their dual variables are actively growing. Directly connected
clients are connected to an open facility and directly contribute a
positive amount to the opening cost of that facility. On the other
hand, indirectly connected clients are connected to an open facility
but they don’t contribute a positive amount to the opening cost of
that facility.

A simple attempt for an LMP 4-approximation. In the analysis of
[6] for Facility Location with squared metric distances, the authors
use two main constraints to build up a factor-revealing LP given
𝐼 𝐶, 𝐷𝐶. More specifically, consider any facility 𝑖 and the set 𝐷∗ =
{𝑗 ∈ 𝐷 ∶ 𝛼𝑗 > Γ𝑑2(𝑖, 𝑗)}. Let𝐷∗ = {1, … , 𝑡}, sorted in non-decreasing
order of deactivation time 𝛼𝑗. We next restrict our attention only
to the clients in 𝐷∗. Let 𝐼 𝐶 𝑗 denote the set of active or indirectly
connected clients and 𝐷𝐶 𝑗 denote the set of directly connected
clients among the first 𝑗 − 1 clients right before 𝑗 becomes inactive.
Let also 𝑆𝑗 denote the set of open facilities right before 𝑗 becomes
inactive. The two constraints are then ∀𝑗′ ∈ 𝐷𝐶 𝑗:

𝛼𝑗 ≤ 𝑑2(𝑗, 𝑆𝑗) ≤ 𝛾 ⋅ 𝑑2(𝑗′, 𝑆𝑗) +
2𝛾

𝛾 − 1
⋅ (𝑑2(𝑖, 𝑗) + 𝑑2(𝑖, 𝑗′)), (2)

and
∑

𝑗′∈𝐷𝐶 𝑗
(𝛾𝑑2(𝑗′, 𝑆𝑗) − 𝛾𝑑2(𝑗′, 𝑖)) + ∑

𝑗′∈𝐼𝐶 𝑗
(𝛼𝑗′ − 𝛾𝑑2(𝑗′, 𝑖))

+∑
𝑗′≥𝑗

(𝛼𝑗 − 𝛾𝑑2(𝑗′, 𝑖)) ≤ ̂𝑓
(𝛽𝑗)

The first constraint is based on an approximate form of trian-
gle inequality for three-hop paths in squared metrics (i.e., 𝛾𝑥2 +
(2 + 2

𝛾−1) (𝑦
2 + 𝑧2) ≥ (𝑥 + 𝑦 + 𝑧)2 for any 𝛾 > 1 and 𝑥, 𝑦 , 𝑧). The

second one simply states that the clients do not overbid to open a
facility.

A possible approach to improve on the analysis in [6] is to replace
(2) with a variant for two-hop paths (i.e., 𝛾𝑥2+ 𝛾

𝛾−1𝑦
2 ≥ (𝑥+𝑦)2 for

any 𝛾 > 1 and 𝑥, 𝑦), which gives us smaller coefficients to improve
the LMP approximation ratio:

𝛼𝑗 ≤ 𝑑2(𝑗, 𝑆𝑗) ≤ 𝛾 ⋅ 𝑑2(𝑗′, 𝑆𝑗) +
𝛾

𝛾 − 1
⋅ 𝑑2(𝑗, 𝑗′) . (3)

This would allow us to replace Γ = 𝛾 + 2𝛾
𝛾−1 with Γ = 𝛾 + 𝛾

𝛾−1 ,
which then gives the desired bound for 𝛾 = 2. In more detail,
following the derivation of [6], if 𝐷𝐶 𝑗 contains all the first 𝑗 − 1
clients in 𝐷∗, which is the worst case in the analysis of [6], we can
easily obtain the following guarantee: we can lower bound each
2We let [𝑎]+ ∶= max{0, 𝑎}.



STOC ’26, June 22–26, 2026, Salt Lake City, UT, USA M. Charikar, V. Cohen-Addad, R. Gao, F. Grandoni, E. Lee, and E. van Wijland

𝛾𝑑2(𝑗′, 𝑆𝑗) in Equation (𝛽𝑗) by 𝛼𝑗 −
𝛾

𝛾−1 ⋅ 𝑑
2(𝑗, 𝑗′)3, and then average

all Equation (𝛽𝑗) to get the guarantee.

∑
𝑗
𝛼𝑗 ≤ ̂𝑓 + 𝛾 ⋅∑

𝑗
𝑑2(𝑗, 𝑖) +

𝛾
𝛾 − 1

⋅ 1
|𝐷∗|

∑
𝑗<𝑗′

𝑑2(𝑗, 𝑗′) . (4)

Now we can exploit the specific properties of Euclidean metrics.
Recall that 1

|𝐷∗| ∑𝑗<𝑗′ 𝑑2(𝑗, 𝑗′) is equal to the sum of the squared
distances from each 𝑗 ∈ 𝐷∗ to the center of mass of 𝐷∗. Hence in
particular it is a valid lower bound on ∑𝑗∈𝐷∗ 𝑑2(𝑗, 𝑖). This would
imply an LMP 4-approximation by choosing 𝛾 = 2 if the same
bound would hold for all the possible combinations of 𝐼 𝐶 𝑗 and 𝐷𝐶 𝑗
(instead of the specific values that we assumed above).

Unfortunately, the latter claim is not true. In [6], no matter
what the combination of 𝐼 𝐶 𝑗 and 𝐷𝐶 𝑗 is, after lower bounding each
𝛾𝑑2(𝑗′, 𝑆𝑗) by Equation (2), we can always find coefficients {𝛽𝑗}𝑗∈𝐷∗

so that we can use∑𝑗 𝛽𝑗⋅(LHS of (𝛽𝑗)) ≤ ∑𝑗 𝛽𝑗⋅(RHS of (𝛽𝑗)) to upper
bound∑𝑗 𝛼𝑗 − ̂𝑓 − 𝛾 ∑𝑗 𝑑2(𝑖, 𝑗) by

2𝛾
𝛾−1 ∑𝑗′<𝑗 𝑐𝑗𝑗′(𝑑2(𝑖, 𝑗) + 𝑑2(𝑖, 𝑗′))

satisfying∑𝑗′ 𝑐𝑗𝑗′ ≤ 14. In our attempt for the Euclidean case, we
can simply replace the terms of 𝑑2(𝑖, 𝑗)+𝑑2(𝑖, 𝑗′) by 𝑑2(𝑗, 𝑗′) (and re-
place 2𝛾

𝛾−1 with 𝛾
𝛾−1 ). However, the constraint on 𝑐𝑗𝑗′ is not sufficient

to prove our desired Equation (4) due to the lack of symmetry in
this analysis: for some combinations of 𝐼 𝐶 𝑗 and 𝐷𝐶 𝑗, we may have
large coefficient 𝑐𝑗𝑗′ for some large 𝑑2(𝑗, 𝑗′) so that the resulting
upper bound exceeds 1

|𝐷∗| ∑𝑗<𝑗′ 𝑑2(𝑗, 𝑗′). In fact, Section 2 presents
a simple counter-example showing that we cannot upper bound
∑𝑗∈𝐷∗ 𝛼𝑗 by ̂𝑓 + 4.1∑𝑗∈𝐷∗ 𝑑2(𝑖, 𝑗) with the considered algorithm.

1 2 3𝑖𝑖2 𝑖3

−1 0 1/4 3/4-2.813 -2.571

Figure 1: Counterexample for this simple attempt under 𝛾 = 2.
The example is on a line. There are three clients (red circles). The
facility 𝑖 is the average of the clients. The facility opening cost is
̂𝑓 = 22.1. At time 8.45, client 1 becomes inactive. Let 𝑖2 be the facility

1 directly connects to. At time ≈ 9.38, client 2 becomes inactive and
indirectly connects to some facility. Then, slightly later, client 1
switches to directly connecting to 𝑖3. This makes client 3 become
inactive after time ≈ 11.02. The sum of 𝛼-values is then ≈ 28.85 =
̂𝑓 + 6.75 > ̂𝑓 + 4.15 ⋅ (12 + (1/4)2 + (3/4)2).

Our new greedy algorithm. To handle this issue, we introduce a
natural and simple, but critical update in the algorithm: every time
we add a new open facility 𝑖 to the current set of open facilities 𝑆, we
(possibly) lower the 𝛼-values for each client 𝑗 in 𝐼 𝐶 to its (possibly)
reduced connection cost 𝑑2(𝑗, 𝑆∪{𝑖}).

Let 𝛾 = 2. This new step immediately allows us to write a collec-
tion of new constraints for 𝛼: for any client 𝑗, and any two clients
𝑗′ ∈ 𝐷𝐶 𝑗, ℓ ∈ 𝐼𝐶 𝑗, we have

𝛼ℓ ≤ 𝑑2(ℓ, 𝑆𝑗) ≤ 2𝑑2(𝑗′, 𝑆𝑗) + 2𝑑2(𝑗′, ℓ) . (5)

3For [6], this term should be 𝛼𝑗 −
2𝛾
𝛾−1

⋅ (𝑑2(𝑖, 𝑗) + 𝑑2(𝑖, 𝑗′)) using Equation (2).
4We assume 𝑐𝑗𝑗′ = 𝑐𝑗′𝑗 for 𝑗′ > 𝑗.

This new constraint is more powerful than Equation (3) in the sense
that the latter is only a special case when 𝑗 = ℓ. With these new
constraints, we can lower bound each 𝛾𝑑2(𝑗′, 𝑆𝑗) in Equation (𝛽𝑗)
by a convex combination of 𝛼ℓ − 2𝑑2(𝑗′, ℓ). Then, we can show
by induction on the size of 𝐷∗ that we can find a convex com-
bination for every 𝛾𝑑2(𝑗′, 𝑆𝑗) and a coefficient 𝛽𝑗 for each Equa-
tion (𝛽𝑗) that gives us our desired upper bound for ∑𝑗 𝛼𝑗, Equa-
tion (4). Our choices of the convex combinations and the coefficients
exploit two properties in Euclidean 𝑘-Means: for any set of clients
𝐶 and another client 𝑗 ∉ 𝐶, we have cost(𝐶) ≤ cost(𝐶 ∪ {𝑗}) and
cost(𝐶 ∪ {𝑗}) = 1

|𝐶|+1 ∑𝑗′∈𝐶 𝑑2(1, 𝑗′) +
|𝐶|

|𝐶|+1 cost(𝐶), where cost(⋅)
denotes the optimal cost for a cluster (with the freedom to choose a
center arbitrarily in Euclidean space).The induction steps are highly
non-trivial and are presented in Lemma 13 and Subsection 3.2.

New challenges in walking between two solutions. Following the
framework of [6, 13], we design a log-adaptive version of the above
greedy algorithm; the algorithm works in 𝑂(log 𝑛/𝜖3) phases with
each phase having some flexibility in its execution. In the log-
adaptive algorithm, phase 𝑝 corresponds to the time 𝜃 = (1+𝜖3)𝑝−1,
so we discretely jump 𝜃 values instead of increasing 𝜃 continuously.

The reason why we need the log-adaptive version for our bicri-
teria approximation algorithm (Theorem 2) is as follows. We will
maintain two solutions ℋ = (𝐻1, … , 𝐻𝑝) and ℋ′ = (𝐻 ′

1 , … , 𝐻 ′
𝑝′)

output by the log-adaptive algorithm, where each 𝐻𝑖 and 𝐻 ′
𝑖 denote

the execution history in phase 𝑖 and the total numbers of open fa-
cilities in ℋ and ℋ′ sandwich 𝑘. Then for 𝑖 = 1, … inductively, we
ensure that 𝐻𝑖 ≈ 𝐻 ′

𝑖 by walking between two solutions, eventually
leading to both solutions opening 𝑘 facilities: this is made possi-
ble by the flexibility within each phase. (The base case is that the
starting instance is identical except for an exponentially small dif-
ference in the facility cost 𝑓.) The walking procedure exploits 𝑂(1)
free facilities (which are open without being paid for by the dual
variables) per phase, which explains the 𝑂(log 𝑛/𝜖3) extra centers
in Theorem 2 and the need for a small number of phases.

However, our new step of lowering 𝛼-values for IC clients poses
two main challenges in developing the walking procedure:

(1) The order in which the facilities are opened matters.
The previous walking procedure of [6] crucially used the fact
that, at any point in time, if two solutions opened the same
set of facilities, their future executions will (almost) remain
the same; in particular, the order in which the facilities were
opened does not affect the future execution.
However, this property does not hold after we lower 𝛼-values
for indirectly connected clients after opening each facility.
Suppose an 𝐼 𝐶 client 𝑗 has an 𝛼-value of 2.1. Two facilities
𝑖1, 𝑖2 satisfying 𝑑2(𝑗, 𝑖1) = 1, 𝑑2(𝑗, 𝑖2) = 1.1. If we open 𝑖1
before 𝑖2, 𝑗 will be directly connected to 𝑖1 and its future bid
to another facility 𝑖0 will be [2 − 2𝑑2(𝑗, 𝑖0)]+. On the other
hand, if we open 𝑖2 first, 𝑗 will be indirectly connected to 𝑖1
because we first lower 𝛼𝑗 to 𝑑2(𝑗, 𝑖2) = 1.1. The future bid in
this execution is then [1.1−2𝑑2(𝑗, 𝑖0)]+. This large difference
in future bids could make a significant difference in future
executions.

(2) Discontinuity in the bids. Another crucial invariant of the
previous walking procedure [6] was that, the same client
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𝑗’s bid towards any facility 𝑖 is almost the same between
the two solutions ℋ = (𝐻1, … , 𝐻𝑝) and ℋ′ = (𝐻 ′

1 , … , 𝐻 ′
𝑝′)

we maintain. This continuity ensures that even if we mix
and match different parts of the two solutions (e.g., ℋ″ =
(𝐻1, … , 𝐻ℓ, 𝐻 ′

ℓ+1, … , 𝐻 ′
𝑝′) for some ℓ), the resulting solution,

which was never an outcome of the log-adaptive algorithm,
can be considered as (almost) a valid execution of the log-
adaptive algorithm.
However, this property does not hold in our new algorithm.
Suppose 𝛼𝑗 = 1 − 2−𝑛 and 𝛼′𝑗 = 1 + 2−𝑛 at some time point
of the algorithm and there is a newly opened facility 𝑖 such
that 𝑑2(𝑗, 𝑖) = 0.5. Then 𝑗 will be indirectly connected to 𝑖 in
the first execution, while 𝑗 will be directly connected in the
second case. As discussed above, the bid of 𝑗 in the future
can be completely different.

Log-adaptive Algorithm. To resolve the first challenge, we will
use a sophisticated log-adaptive version of our algorithm. Instead
of immediately lowering 𝛼-value for 𝐼 𝐶 clients after a facility is
opened, we only lower 𝛼-values at the end of a phase. This ensures
that the order in which facilities are opened in the same phase no
longer matters. This turns out to be sufficient for the walking part.

Fractional connections. To resolve the second challenge, we will
introduce fractional connections to the clients. To be more specific,
we do not change the facility each client connects to. Instead, we
allow each client to be split into several copies, in which some
copies are directly connected and at most one copy is indirectly
connected to the facility. Then, the bid of a client 𝑗 to a facility 𝑖 is
the average among all its copies.

This concept of fractional connections allows us to modify the
fractions of each client in each copy in order to make its bid “contin-
uous” in two different executions. To ensure that this modification
does not hurt the guarantees of the log-adaptive algorithm, we only
split some directly connected copies with 𝛼 ≤ 2𝑑2(𝑗, 𝑆) + 𝑂(2−𝑛),
which turns out to be sufficient to ensure the continuity in the bids.
See the full version for the definition of the split and the analysis.

Organizations for our paper. In Section 3, we will present the
greedy LMP 4-approximation for Facility Location with squared
metric distances. In Section 5 of the full version, we will prove The-
orem 2 by presenting the log-adaptive algorithm and the algorithm
that walks between two solutions. In Section 6 of the full version,
we will proveTheorem 3 by presenting the 4+𝑂(√𝜖)-approximation
for stable instances.

3 Greedy Algorithm
In this section, we present the new algorithm for Facility Location
with Euclidean squared distances. This algorithm is not directly
used in our (4 + 𝜖)-approximation for Euclidean 𝑘-Means, but it
allows us to present the main ideas behind the log-adaptive algo-
rithm presented in the full version in a simpler setting. Given an
instance (𝐷,ℱ, 𝑑, 𝑓 ) for Facility Location with squared Euclidean
distances, we let ̂𝑓 = 4𝑓. The following Algorithm 1 is our new
greedy algorithm achieving an LMP 4-approximation. As standard
in the area, we present the algorithm in a continuous version where
there is a variable 𝜃 (interpreted as time) that grows continuously

from 0 to +∞, and certain quantities grow at the same speed as 𝜃
for a certain interval of time. It is easy to discretize this algorithm.

We say that the clients in 𝐴 are active, that the clients in 𝐼 𝐶
are indirectly connected, and that the clients in 𝐷𝐶 are directly
connected.

Observation 4. At any time of the algorithm, for any 𝑗 ∈ 𝐼𝐶, we
have 𝛼𝑗 = 𝑑2(𝑗, 𝑆).

Because of the fact that we freeze the 𝛼 values when a client
becomes directly connected, we can show that the 𝛼 values are non-
increasing after connection. For simplicity, for some intermediate
time 𝜃, we will use 𝛼𝑗(𝜃) to denote the 𝛼 value of client 𝑗 ∈ 𝐷 at that
time. Further, for each 𝑗 ∈ 𝐷, we define 𝛼̂𝑗 to be its 𝛼 value at the
first time when 𝑗 is connected to some facility.

Lemma 5. For any client 𝑗, the value of 𝛼𝑗(𝜃) is non-increasing in
𝜃 ∈ [𝛼̂𝑗, +∞).

Proof. This follows the fact that we only modify 𝛼𝑗 after time 𝛼̂𝑗
when some facility 𝑖 is opened and 𝛼𝑗 > 𝑑2(𝑗, 𝑖). Then the resulting
value of 𝛼𝑗 is lowered to 𝑑2(𝑗, 𝑖). �

Let (𝛼∗𝑗 )𝑗∈𝐷 be the final vector of 𝛼-values.

Corollary 6. For each client 𝑗, we have 𝛼∗𝑗 ≤ 𝛼̂𝑗.

Moreover, for each client 𝑗 that is finally directly connected, 𝛼∗𝑗 can
be written as the sum of 2𝑑2(𝑗, 𝑆) and the bids of 𝑗 to the open facil-
ities. Therefore, we can obtain an upper bound for our algorithm’s
total cost using the 𝛼∗-values.

Lemma 7. At the end of the algorithm, ∑𝑗∈𝐷 𝑑2(𝑗, 𝑆) + |𝑆| ⋅ ̂𝑓 ≤
∑𝑗∈𝐷 𝛼∗𝑗 .

Proof. First, observe that it is sufficient to prove that at the end
of the execution, we have

∑
𝑗∈𝐷𝐶

𝛼𝑗 ≥ ∑
𝑗∈𝐷𝐶

2𝑑2(𝑗, 𝑆) +∑
𝑖∈𝑆

̂𝑓 . (6)

Indeed, at the end of the execution, 𝐴 = ∅, and for every 𝑗 ∈ 𝐼𝐶,
𝛼∗𝑗 = 𝑑2(𝑗, 𝑆). To prove this, we prove that at any point in the
execution, (6) holds.

The equality is initially true since 𝐷𝐶 = ∅ and 𝑆 = ∅. Further-
more, since whenever the 𝛼-value of a client 𝑗 reaches 𝑑2(𝑗, 𝑆) it
stops growing, no client is added to 𝐷𝐶 excluding when a new
facility is opened (i.e., added to 𝑆).

We now consider what happens when we open a facility 𝑖, i.e.,
add it to 𝑆. Let (𝛼, 𝑆, 𝐴, 𝐼𝐶, 𝐷𝐶) be the state right before opening
𝑖, and set 𝐷𝐶′ = {𝑗 ∈ 𝐴 ∪ 𝐼𝐶 ∶ 𝛼𝑗 ≥ 2𝑑2(𝑖, 𝑗)}, and 𝑋 = {𝑗 ∈ 𝐷𝐶 ∶
𝑑2(𝑗, 𝑖) < 𝑑2(𝑗, 𝑆)}. The change of cost of the right-hand side of (6)
is at most

̂𝑓 + ∑
𝑗∈𝐷𝐶′

2𝑑2(𝑖, 𝑗) +∑
𝑗∈𝑋

2(𝑑2(𝑖, 𝑗) − 𝑑2(𝑗, 𝑆)) .

Since the algorithm decided to open 𝑖, we also have
̂𝑓 ≤ ∑

𝑗∈𝐷𝐶′
(𝛼𝑗 − 2𝑑2(𝑖, 𝑗)) +∑

𝑗∈𝑋
(2𝑑2(𝑗, 𝑆) − 2𝑑2(𝑖, 𝑗)) .

We thus get that the change of cost of the right-hand side is at most
∑𝑗∈𝐷𝐶′ 𝛼𝑗, which is the change of the left-hand side of (6). �
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Algorithm 1 (Greedy Algorithm).

Initialization: 𝐴 = 𝐷, 𝐼 𝐶 = 𝐷𝐶 = 𝑆 = ∅, and 𝛼𝑗 = 0 for every 𝑗 ∈ 𝐷.

While 𝐴 ≠ ∅, uniformly grow the 𝛼𝑗 of every client in 𝐴 until:
(1) For some unopened facility 𝑖 ∈ ℱ ∖ 𝑆, we have

∑
𝑗∈𝐴∪𝐼𝐶

[𝛼𝑗 − 2𝑑2(𝑗, 𝑖)]+ + ∑
𝑗∈𝐷𝐶

[2𝑑2(𝑗, 𝑆) − 2𝑑2(𝑗, 𝑖)]+ = ̂𝑓 .

In this case, we open facility 𝑖. For each client 𝑗 ∈ 𝐷𝐶, if 𝑑2(𝑗, 𝑆) > 𝑑2(𝑗, 𝑖), we reconnect 𝑗 to 𝑖. For each client 𝑗 ∈ 𝐴 ∪ 𝐼𝐶,
• If 𝛼𝑗 ≥ 2𝑑2(𝑗, 𝑖), we (re)connect 𝑗 to 𝑖 and move 𝑗 to 𝐷𝐶.
• Else, if 𝛼𝑗 ≥ 𝑑2(𝑗, 𝑖), we (re)connect 𝑗 to 𝑖, set 𝛼𝑗 to be 𝑑2(𝑗, 𝑖), and move 𝑗 to 𝐼 𝐶 (if 𝑗 ∈ 𝐴).

(2) For some client 𝑗 ∈ 𝐴, we have
𝛼𝑗 = 𝑑2(𝑗, 𝑆).

In this case, we move 𝑗 to 𝐼 𝐶 and connect 𝑗 to the closest facility to it in 𝑆.

The last ingredient for the analysis is to show that 𝛼∗ can be
scaled to a dual feasible solution. The proof of the following lemma
is given in Section 3.1.

Lemma 8. For any facility 𝑖 ∈ ℱ, we have∑𝑗∈𝐷[
1
4 ⋅𝛼

∗
𝑗 −𝑑2(𝑗, 𝑖)]+ ≤

𝑓.

Now, we use Lemmas 7 and 8 to establish the LMP approximation
ratio.

Theorem 9. Algorithm 1 is an LMP 4-approximation for Facility
Location with squared Euclidean distances.

Proof. By Lemma 8, 𝛼∗/4 is a feasible solution to the dual of
the standard Facility Location LP, hence∑𝑗∈𝐷 𝛼∗𝑗 ≤ 4 ⋅ opt𝐿𝑃(𝑓 ) by
weak duality. Our solution 𝑆 satisfies:

∑
𝑗∈𝐷

𝑑2(𝑗, 𝑆) + 4|𝑆|𝑓
Lem. 7
≤ ∑

𝑗∈𝐷
𝛼∗𝑗 ≤ 4 ⋅ opt𝐿𝑃(𝑓 ). �

3.1 Dual Feasibility
In this subsection, we prove Lemma 8. We will use [𝑛] to denote
the set {1, 2, … , 𝑛} and [𝑙 ∶ 𝑟] to denote the set {𝑙, 𝑙 + 1, … , 𝑟}. From
now on, we fix any facility 𝑖 ∈ ℱ. Suppose that there are 𝑠 clients
such that 𝛼∗𝑗 ≥ 4 ⋅ 𝑑2(𝑗, 𝑖), and we index them by [𝑠] and order them
in the increasing order of the time they become inactive. That is,
we have 𝛼̂1 ≤ 𝛼̂2 ≤ ⋯ ≤ 𝛼̂𝑠. Then, our goal (which will be formally
shown in Corollary 14) becomes proving

∑
𝑗∈[𝑠]

𝛼∗𝑗 ≤ 4𝑓 + ∑
𝑗∈[𝑠]

4𝑑2(𝑗, 𝑖) = ̂𝑓 + 4 ⋅ ∑
𝑗∈[𝑠]

𝑑2(𝑗, 𝑖) . (7)

Consider the time 𝛼̂𝑡−𝜖 for each client 𝑡, where 𝜖 > 0 is sufficiently
small so that neither condition in the algorithm is satisfied between
time 𝛼̂𝑡 − 𝜖 (inclusive) and 𝛼̂𝑡 (exclusive). For simplicity, we define
𝐷𝐶 𝑡 as the set of directed connected clients in [𝑡] (i.e., 𝐷𝐶 ∩ [𝑡])
at time 𝛼̂𝑡 − 𝜖, and 𝐼 𝐶 𝑡 as the set of indirectly connected or active
clients in [𝑡] (i.e., (𝐴 ∪ 𝐼𝐶) ∩ [𝑡]) at time 𝛼̂𝑡 − 𝜖. Moreover, we use
𝑆 𝑡 to denote the set 𝑆 at time 𝛼̂𝑡 − 𝜖. Consider any client 𝑗′ ∈ 𝐼𝐶 𝑡.
As 𝑗′ ≤ 𝑡, we have 𝛼̂𝑗′ ≤ 𝛼̂𝑡 by our assumption. Next, we prove that
𝛼∗𝑗′ ≤ 𝑑2(𝑗′, 𝑆 𝑡) by discussing two cases:

• If 𝛼̂𝑗′ < 𝛼̂𝑡 (since 𝜖 is sufficiently small, we have 𝛼̂𝑗′ ≤ 𝛼̂𝑡 − 𝜖),
then 𝑗′ is indirectly connected at time 𝛼̂𝑡 − 𝜖. Because of

Observation 4 and Lemma 5 we have 𝛼∗𝑗′ ≤ 𝛼𝑗′(𝛼̂𝑡 − 𝜖) =
𝑑2(𝑗′, 𝑆 𝑡).

• Otherwise (i.e., if 𝛼̂𝑗′ = 𝛼̂𝑡), we can prove 𝛼̂𝑡 − 𝜖 < 𝑑2(𝑗′, 𝑆 𝑡)
by contradiction. Suppose that 𝛼̂𝑡 − 𝜖 ≥ 𝑑2(𝑗′, 𝑆 𝑡). Then, 𝑗′
will be connected to some opened facility using the second
condition in Algorithm 1 at time 𝛼̂𝑡 − 𝜖, contradicting that 𝑗′
is active at time 𝛼̂𝑡 − 𝜖. Since 𝜖 can be arbitrarily small here,
we have 𝛼̂𝑗′ = 𝛼̂𝑡 ≤ 𝑑2(𝑗′, 𝑆 𝑡). Because of Corollary 6, we get
𝛼∗𝑗′ ≤ 𝑑2(𝑗′, 𝑆 𝑡).

Note that 𝑑(𝑗′, 𝑆 𝑡) ≤ 𝑑(𝑗, 𝑆 𝑡) + 𝑑(𝑗, 𝑗′) and (𝑥 + 𝑦)2 ≤ 2(𝑥2 + 𝑦2)
for any 𝑥, 𝑦 ∈ ℝ≥0. For each 𝑡 ∈ [𝑠], 𝑗 ∈ 𝐷𝐶 𝑡, 𝑗′ ∈ 𝐼𝐶 𝑡, we have the
following constraint:

𝛼∗𝑗′ ≤ 2 ⋅ 𝑑2(𝑗, 𝑆 𝑡) + 2 ⋅ 𝑑2(𝑗, 𝑗′) . (𝜙(𝑡)𝑗,𝑗′)

Consider the time 𝛼̂𝑡−𝜖 for each 𝑡 ∈ [𝑠]. Note that we assume that
𝛼∗𝑡 ≥ 4 ⋅ 𝑑2(𝑡, 𝑖). Because of Corollary 6 and because 𝜖 is sufficiently
small, we have 𝛼̂𝑡 − 𝜖 ≥ 𝛼∗𝑡 − 𝜖 > 𝑑2(𝑡, 𝑖). If facility 𝑖 is opened at
time 𝛼̂𝑡 − 𝜖, 𝑡 should be connected to some facility at time 𝛼̂𝑡 − 𝜖,
contradicting our assumption that 𝛼̂𝑡 denotes the time client 𝑡 is
connected for the first time. Therefore, the total bid to 𝑖 at this time
stamp should be strictly less than ̂𝑓, i.e.,

∑
𝑗∈𝐷𝐶 𝑡

[2𝑑2(𝑗, 𝑆 𝑡) − 2𝑑2(𝑗, 𝑖)]+ + ∑
𝑗∉𝐷𝐶 𝑡

[𝛼𝑗(𝛼̂𝑡 − 𝜖) − 2𝑑2(𝑗, 𝑖)]+ < ̂𝑓 .

If 𝑗 ≥ 𝑡, we have 𝛼𝑗(𝛼̂𝑡 − 𝜖) = 𝛼̂𝑡 − 𝜖 ≥ 𝛼∗𝑡 − 𝜖. Otherwise, if
𝑗 < 𝑡 and 𝑗 ∉ 𝐷𝐶 𝑡, we have either 𝑗 being indirectly connected (i.e.,
𝛼̂𝑗 ≤ 𝛼̂𝑡 − 𝜖), or 𝛼𝑗(𝛼̂𝑡 − 𝜖) = ̂𝛼𝑡 − 𝜖. Because of Lemma 5 (for the
first case) and Corollary 6, 𝛼̂𝑗 ≤ 𝛼̂𝑡 (for the second case), we have
𝛼∗𝑗 − 𝜖 ≤ 𝛼𝑗(𝛼̂𝑡 − 𝜖). Recall that 𝐼 𝐶 𝑡 ∪ 𝐷𝐶 𝑡 = [𝑡] according to our
definition for 𝐼 𝐶 𝑡, 𝐷𝐶 𝑡. Because 𝜖 is sufficiently small, we have

∑
𝑗∈𝐷𝐶 𝑡

[2 ⋅ 𝑑2(𝑗, 𝑆 𝑡) − 2 ⋅ 𝑑2(𝑗, 𝑖)]+ + ∑
𝑗∈𝐼𝐶 𝑡

[𝛼∗𝑗 − 2 ⋅ 𝑑2(𝑗, 𝑖)]
+

+∑
𝑗>𝑡

[𝛼∗𝑡 − 2 ⋅ 𝑑2(𝑗, 𝑖)]+ ≤ ̂𝑓 .

Since [𝑥]+ ≥ 𝑥, for each 𝑡 ∈ [𝑠], we have the following constraint:

(𝑠 − 𝑡 + 1)𝛼∗𝑡 + ∑
𝑗∈𝐼𝐶 𝑡∖{𝑡}

𝛼∗𝑗 + ∑
𝑗∈𝐷𝐶 𝑡

2𝑑2(𝑗, 𝑆 𝑡) ≤ ̂𝑓 + 2 ∑
𝑗∈[𝑠]

𝑑2(𝑗, 𝑖) .

(𝛽𝑡)
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Next, we combine the two constraints (𝜙(𝑡)𝑗,𝑗′) and (𝛽𝑡) to obtain
the dual feasibility. We will rewrite 2𝑑2(𝑗, 𝑆 𝑡) in (𝛽𝑡) by a convex
combination of 𝛼∗𝑗′ − 2𝑑2(𝑗, 𝑗′) for 𝑗′ ∈ 𝐼𝐶 𝑡 such that 𝑗′ > 𝑗. We will

use the notation Φ(𝑡)
𝑗 and 𝜙(𝑡)𝑗,𝑗′ as follows:

Φ(𝑡)
𝑗 = ∑

𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗
𝜙(𝑡)𝑗,𝑗′ ⋅ (𝛼

∗
𝑗′ − 2𝑑2(𝑗, 𝑗′)) . (8)

Then, using (𝜙(𝑡)𝑗,𝑗′), we have the following lemma.

Lemma 10. Suppose ∑𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗 𝜙
(𝑡)
𝑗,𝑗′ = 1 for any 𝑡 ∈ [𝑠], 𝑗 ∈ 𝐷𝐶 𝑡.

Then, we have 2 ⋅ 𝑑2(𝑗, 𝑆 𝑡) ≥ Φ(𝑡)
𝑗 .

Proof. We have

2 ⋅ 𝑑2(𝑗, 𝑆 𝑡) = ∑
𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗

𝜙(𝑡)𝑗,𝑗′ ⋅ 2𝑑
2(𝑗, 𝑆 𝑡)

≥ ∑
𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗

𝜙(𝑡)𝑗,𝑗′ ⋅ (𝛼
∗
𝑗′ − 2𝑑2(𝑗, 𝑗′))

(By Equation (𝜙(𝑡)𝑗,𝑗′))

= Φ(𝑡)
𝑗 . �

For simplicity, we will define 𝜙(𝑡)𝑗,𝑗′ = 0 for 𝑗′ ∉ [𝑗 + 1 ∶ 𝑠] ∩ 𝐼𝐶 𝑡.

With this notation, we will prove that the two constraints, (𝜙(𝑡)𝑗,𝑗′)

and (𝛽𝑡) (replacing 𝑑2(𝑗, 𝑆 𝑡) by Φ
(𝑡)
𝑗 using Lemma 10), together imply

an upper bound on the sum of 𝛼∗𝑡 . Technically, we will show the
following Lemma 13, which is independent of the context of our al-
gorithm and only uses the properties of Euclidean metrics. Because
this lemma will also be used in future sections of the full version,
we prove a more general weighted version here. More specifically,
in Lemma 13, we will consider the weighted continuous Euclidean
𝑘-Means problem (Definition 11), and we will use a characterization
of the optimal cost of a cluster consisting of a set of clients among
all possible choices of the center (Lemma 12). We defer the proof of
Lemma 12 to the full version. (In the context of this section, readers
can assume that 𝑤(𝑗) = 1 for every 𝑗 ∈ [𝑠], and omit Bullets D and
E.)

Definition 11 (weighted continuous Euclidean 𝑘-Means). Let dim >
0 be the number of dimensions of the Euclidean space. The input con-
sists of a set of clients 𝐷, locations of the clients 𝑥 ∶ 𝐷 → ℝdim

and weights 𝑤 ∶ 𝐷 → ℝ≥0. The goal of the weighted continuous
Euclidean 𝑘-Means problem is to find a set of 𝑘 centers 𝑆 ⊆ ℝdim such
that |𝑆| = 𝑘 and the following objective is minimized:

∑
𝑗∈𝐷

𝑤(𝑗) ⋅min
𝑐∈𝑆

‖𝑥𝑗 − 𝑐‖22 .

In particular, an instance is unweighted if 𝑤(𝑗) = 1 for any client
𝑗 ∈ 𝐷.

Lemma 12 (single-cluster cost of weighted continuous Euclidean
𝑘-Means). Suppose the set 𝐶 ⊆ 𝐷 forms a cluster. The optimal center

is the weighted average of the points
∑𝑗∈𝐶 𝑤(𝑗)⋅𝑥𝑗
∑𝑗∈𝐶 𝑤(𝑗)

, and the cost is

cost𝑤(𝐶) =
∑𝑗,𝑗′∈(𝐶2)

𝑤(𝑗) ⋅ 𝑤(𝑗′) ⋅ ‖𝑥𝑗 − 𝑥𝑗′‖22

∑𝑗∈𝐶 𝑤(𝑗)
.

In particular, if the instance is unweighted, we will use the notation
cost(𝐶) for simplicity.

Lemma 13. Fix any integer 𝑠 ≥ 1 and any Euclidean metric 𝑑 defined
on [𝑠]. For each 𝑡 ∈ [𝑠], let 𝑤(𝑡) > 0 be any positive weight. For each
𝑡 ∈ [𝑠], fix any partition of [𝑡] by 𝐷𝐶 𝑡 ⊔ 𝐼𝐶 𝑡 = [𝑡] such that

• For each 𝑡 ∈ [𝑠], 𝑡 ∈ 𝐼𝐶 𝑡;
• For each 𝑗, 𝑡 , 𝑡′ ∈ [𝑠] satisfying 𝑗 < 𝑡 < 𝑡′, if 𝑗 ∈ 𝐷𝐶 𝑡, then
𝑗 ∈ 𝐷𝐶 𝑡

′
.

Then, there exist non-negative real numbers {𝜙(𝑡)𝑗,𝑗′}𝑡∈[𝑠],𝑗∈𝐷𝐶 𝑡,𝑗′∈𝐼𝐶 𝑡 and
{𝛽𝑗}𝑗∈[𝑠] such that

A. For each 𝑡 ∈ [𝑠], 𝑗 ∈ 𝐷𝐶 𝑡, the corresponding 𝜙 variables sum to
1:

∑
𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗

𝜙(𝑡)𝑗,𝑗′ = 1 , (9)

and 𝜙(𝑡)𝑗,𝑗′ = 0 for any 𝑗′ ∈ 𝐼𝐶 𝑡 such that 𝑗′ < 𝑗.
B. All 𝛽 variables sum to 1:

∑
𝑖∈[𝑠]

𝛽𝑖 = 1 . (10)

C. Let {𝛼∗𝑗 }𝑗∈[𝑠] be any vector with non-negative entries. Let

Φ(𝑡)
𝑗 = ∑

𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗
𝜙(𝑡)𝑗,𝑗′ ⋅ (𝛼

∗
𝑗′ − 𝑐 ⋅ 𝑑2(𝑗, 𝑗′))

for some constant 𝑐 > 1. Then, the following inequality holds:

∑
𝑡∈[𝑠]

𝛽𝑡 ⋅ ( ∑
𝑗∈𝐼𝐶 𝑡∖{𝑡}

𝑤(𝑗)𝛼∗𝑗 + ∑
𝑗∈𝐷𝐶 𝑡

𝑤(𝑗)Φ(𝑡)
𝑗 +∑

𝑗≥𝑡
𝑤(𝑗)𝛼∗𝑡 )

≥ ∑
𝑡∈[𝑠]

𝑤(𝑡)𝛼∗𝑡 − 𝑐 ⋅ cost𝑤([𝑠]).
(11)

In particular, we can ensure the following properties:
D. For any 𝑗 ∈ 𝐼𝐶𝑠, we have 𝛽𝑗 = 0.
E. For any 𝑗 ∈ 𝐷𝐶𝑠, we have 𝜙(𝑠)𝑗,𝑗′/𝑤(𝑗

′) ≤ 𝜙(𝑠)𝑗,𝑗″/𝑤(𝑗
″) for any

𝑗′ < 𝑗″ ∈ 𝐼𝐶𝑠.

The upper bound of the sum of 𝛼∗𝑡 is then a direct corollary for unit
weights, which implies our goal of this subsection.

Corollary 14. For any 𝑆 ⊆ 𝐷 and 𝑖 ∈ ℱ, we have

∑
𝑗∈[𝑠]

𝛼∗𝑗 ≤ ̂𝑓 + 2 ⋅ ∑
𝑗∈[𝑠]

𝑑2(𝑖, 𝑗) + 2 ⋅ cost([𝑠]) , (12)

where cost([𝑠]) ∶= 1
𝑠 ∑𝑥,𝑦∈([𝑠]2 )

‖𝑥 − 𝑦‖22.

In particular, the above corollary implies Equation (7).

Proof. Suppose that {𝛽𝑗}𝑗∈[𝑠], {𝜙
(𝑡)
𝑗,𝑗′}𝑡∈[𝑠],𝑗∈𝐷𝐶 𝑡,𝑗′∈𝐼𝐶 𝑡 denote the

parameters obtained in Lemma 13. Using Lemma 10 and Bullets A
and C of Lemma 13, we have

∑
𝑡∈[𝑠]

𝛽𝑡 ⋅ (LHS of Equation (𝛽𝑡)) ≥ ∑
𝑡∈[𝑠]

𝛼∗𝑡 − 2cost([𝑠]) .

According to Bullet B of Lemma 13, we have

∑
𝑡∈[𝑠]

𝛽𝑡 ⋅ (LHS of Equation (𝛽𝑡)) ≤ ̂𝑓 + 2 ∑
𝑗∈[𝑠]

𝑑2(𝑗, 𝑖).
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Therefore,

∑
𝑡∈[𝑠]

𝛼∗𝑡 − 2 ⋅ cost([𝑠]) ≤ ̂𝑓 + 2 ⋅ ∑
𝑗∈[𝑠]

𝑑2(𝑗, 𝑖) ,

obtaining Equation (12). Further, because cost([𝑠]) denotes the op-
timal cost of opening a single center for clients in [𝑠] (with the
freedom of choosing an arbitrary center in the Euclidean space),
we have cost([𝑠]) ≤ ∑𝑗∈[𝑠] 𝑑2(𝑗, 𝑖), and thus ∑𝑡∈[𝑠] 𝛼

∗
𝑡 ≤ ̂𝑓 + 4 ⋅

∑𝑗∈[𝑠] 𝑑2(𝑗, 𝑖), obtaining Equation (7). �

Finally, in Section 3.2, we prove Lemma 13.

3.2 Proof of Lemma 13
A stronger argument. We will show a stronger version for Bullet

C of Lemma 13. We will use 𝐵𝑡 to denote the 𝑡-th term on the LHS
of Equation (11):

𝐵𝑡 = 𝛽𝑡 ⋅ ( ∑
𝑗∈𝐼𝐶 𝑡∖{𝑡}

𝑤(𝑗) ⋅ 𝛼∗𝑗 + ∑
𝑗∈𝐷𝐶 𝑡

𝑤(𝑗) ⋅ Φ(𝑡)
𝑗 +∑

𝑗≥𝑡
𝑤(𝑗) ⋅ 𝛼∗𝑡 ) .

Suppose 𝜂𝑡(𝑗′) denotes the coefficient of 𝛼∗𝑗′ in 𝐵𝑡, i.e.,

𝜂𝑡(𝑗′) =
⎧

⎨
⎩

𝛽𝑡 ⋅ (∑ℓ≥𝑡 𝑤(ℓ) + ∑𝑗∈𝐷𝐶 𝑡 𝑤(𝑗) ⋅ 𝜙(𝑡)𝑗,𝑗′) if 𝑗′ = 𝑡;

𝛽𝑡 ⋅ (𝑤(𝑗′) + ∑𝑗∈𝐷𝐶 𝑡 𝑤(𝑗) ⋅ 𝜙(𝑡)𝑗,𝑗′) if 𝑗′ ∈ 𝐼𝐶 𝑡 ∖ {𝑡};
0 otherwise.

(13)

For any 𝑠′ ∈ [𝑠] and 𝑗′ ∈ [𝑠], we use 𝑤𝑠′(𝑗′) to denote the total
coefficient of 𝛼∗𝑗′ in the first 𝑠′ terms:

𝑤𝑠′(𝑗′) = ∑
𝑡∈[𝑠′]

𝜂𝑡(𝑗′) . (14)

Further, The stronger version for Bullet C is two-part: (i) for any
𝑗 ∈ [𝑠],

𝑤𝑠(𝑗) = 𝑤(𝑗) ; (C(i))

(ii) for any prefix of size 𝑠′ ∈ [𝑠],

∑
𝑡∈[𝑠′]

𝐵𝑡 ≥ (∑
𝑗∈[𝑠]

𝑤𝑠′(𝑗) ⋅ 𝛼∗𝑗 ) −
𝑐 ∑𝑗∈[𝑠] 𝑤𝑠′(𝑗)

∑𝑗∈[𝑠] 𝑤(𝑗)
⋅ cost𝑤𝑠′([𝑠]) .

(C(ii))

For simplicity, we will call two parts C(i) and C(ii) respectively.
If we take 𝑠′ = 𝑠 in C(ii) and use the guarantee in C(i), we get
∑𝑡∈[𝑠] 𝐵𝑡 ≥ ∑𝑗∈[𝑠] 𝑤(𝑗) ⋅ 𝛼

∗
𝑗 − 𝑐 ⋅ cost𝑤([𝑠]), which is exactly the

same inequality as the original Bullet C of Lemma 13. Next, we will
prove this stronger argument by induction.

Base case. The base case is when 𝑠 = 1, where we can pick 𝛽1 = 1
(and since 𝐷𝐶1 = ∅, there is no parameter 𝜙(𝑡)𝑗,𝑗′). All the five bullets
are then straightforward.

Induction step. Consider any 𝑠0 ≥ 2. Suppose that we have shown
the stronger argument for all 𝑠 < 𝑠0. Consider 𝑠 = 𝑠0 next. For the
set [2 ∶ 𝑠], it is clear that 𝑑 is still a Euclidean metric on [2 ∶ 𝑠]
and the sets (𝐷𝐶 𝑡 ∖ {1}) ⊔ (𝐼𝐶 𝑡 ∖ {1}) = [2 ∶ 𝑠] form a partition of
[2 ∶ 𝑠] for any 𝑡 ∈ [2 ∶ 𝑠]. Moreover, 𝐷𝐶 𝑡 ∖ {1} and 𝐼 𝐶 𝑡 ∖ {1} still

satisfy the conditions of Lemma 13. Suppose 𝑊 and 𝑊̃ denote the
total weights after and before we consider the first element.

𝑊 = ∑
𝑗∈[𝑠]

𝑤(𝑗) , and 𝑊̃ = ∑
𝑗∈[2∶𝑠]

𝑤(𝑗) .

According to the induction hypothesis, we can find non-negative
parameters { ̃𝛽𝑗}𝑗∈[2∶𝑠] and { ̃𝜙(𝑡)𝑗,𝑗′}𝑡∈[2∶𝑠],𝑗∈𝐷𝐶 𝑡∖{1},𝑗′∈𝐼𝐶 𝑡∖{1} restricted
to the set [2 ∶ 𝑠], and 𝜂̃𝑡(𝑗), 𝑤̃𝑠′(𝑗) defined accordingly (also, re-
stricted to [2 ∶ 𝑠]) such that all the following hold.

• For any 𝑡 ∈ [2 ∶ 𝑠] and 𝑗 ∈ 𝐷𝐶 𝑡 ∖ {1}, Φ̃(𝑡)
𝑗 follows the

definition:

Φ̃(𝑡)
𝑗 = ∑

𝑗′∈𝐼𝐶 𝑡∖{1}

̃𝜙(𝑡)𝑗,𝑗′ ⋅ (𝛼
∗
𝑗′ − 2 ⋅ 𝑑2(𝑗, 𝑗′)).

• For each 𝑡 ∈ [2∶𝑠], 𝑗 ∈ 𝐷𝐶 𝑡 ∖ {1}, we have

∑
𝑗′∈𝐼𝐶 𝑡∶𝑗′>𝑗

̃𝜙(𝑡)𝑗,𝑗′ = 1.

Further, if 𝑗′ < 𝑗 and 𝑗′ ∈ 𝐼𝐶 𝑡 ∖ {1}, we have ̃𝜙(𝑡)𝑗,𝑗′ = 0.
• ∑𝑡∈[2∶𝑠]

̃𝛽𝑡 = 1.
• The 𝑡-th term 𝐵̃𝑡 (given any non-negative vector {𝛼∗𝑗 }𝑗∈[2∶𝑠])
is defined by

𝐵̃𝑡 = ̃𝛽𝑡 ⋅ ( ∑
𝑗∈𝐼𝐶 𝑡∖{1}

𝑤(𝑗)𝛼∗𝑗 + ∑
𝑗∈𝐷𝐶 𝑡∖{1}

𝑤(𝑗)Φ̃(𝑡)
𝑗 +∑

𝑗≥𝑡
𝑤(𝑗)𝛼∗𝑡 ) .

(15)

• The definitions of 𝜂̃, 𝑤̃ follow:

∀𝑡, 𝑗′ ∈ [2 ∶ 𝑠], 𝜂̃𝑡(𝑗′) =

⎧

⎨
⎩

̃𝛽𝑡 ⋅ (∑ℓ≥𝑡 𝑤(ℓ) + ∑𝑗∈𝐷𝐶 𝑡∖{1} 𝑤(𝑗) ̃𝜙(𝑡)𝑗,𝑗′) if 𝑗′ = 𝑡
̃𝛽𝑡 ⋅ (𝑤(𝑗′) + ∑𝑗∈𝐷𝐶 𝑡∖{1} 𝑤(𝑗) ̃𝜙(𝑡)𝑗,𝑗′) if 𝑗′ ∈ 𝐼𝐶 𝑡 ∖ {1, 𝑡}

0 otherwise
(16)

∀𝑠′, 𝑗′ ∈ [2 ∶ 𝑠], 𝑤̃𝑠′(𝑗′) = ∑
𝑡∈[2∶𝑠′]

𝜂̃𝑡(𝑗′) . (17)

Then, Equation (C(i)) gives 𝑤̃𝑠(𝑗′) = 𝑤(𝑗′) for any 𝑗′ ∈ [2 ∶
𝑠].

• For any non-negative vector {𝛼∗𝑗 }𝑗∈[2∶𝑠] and any 𝑠′ ∈ [2 ∶ 𝑠],
Equation (C(ii)) can be rewritten as

∑
𝑡∈[2∶𝑠′]

𝐵̃𝑡 ≥ ∑
𝑗∈[2∶𝑠]

𝑤̃𝑠′(𝑗) ⋅ 𝛼∗𝑗 −
2∑𝑗∈[2∶𝑠] 𝑤̃𝑠′(𝑗)

𝑊̃
⋅ cost𝑤̃𝑠′([2 ∶ 𝑠]) .

Next, we will construct new parameters {𝜙(𝑡)𝑗,𝑗′}𝑡∈[𝑠],𝑗∈𝐷𝐶 𝑡,𝑗′∈𝐼𝐶 𝑡 and
{𝛽𝑗}𝑗∈[𝑠] that satisfy our induction hypothesis. For any 𝑡 ∈ [2 ∶
𝑠], 𝑗 ∈ 𝐷𝐶 𝑡 ∖ {1}, 𝑗′ ∈ 𝐼𝐶 𝑡 ∖ {1}, we let 𝜙(𝑡)𝑗,𝑗′ = ̃𝜙(𝑡)𝑗,𝑗′ . Now, only the

following 𝜙 variables remained undefined: 𝜙(𝑡)1,𝑗′ for 𝑡 ∈ [2 ∶ 𝑠]
and 𝑗′ ∈ 𝐼𝐶 𝑡 such that 1 ∈ 𝐷𝐶 𝑡. Then, for each 𝑡 ∈ [2 ∶ 𝑠], our
definitions of 𝛽𝑡 and these 𝜙 parameters follow two cases:

• If 1 ∈ 𝐼𝐶 𝑡, we let 𝛽𝑡 = ̃𝛽𝑡 and let 𝜙(𝑡)𝑗,1 = 0 for any 𝑗 ∈ 𝐷𝐶 𝑡.

• Otherwise (if 1 ∈ 𝐷𝐶 𝑡), we let 𝛽𝑡 =
𝑊̃
𝑊 ⋅ ̃𝛽𝑡 and 𝜙

(𝑡)
1,𝑗′ =

1
𝑊̃
⋅ 𝜂̃𝑡(𝑗

′)
̃𝛽𝑡

for each 𝑗′ ∈ 𝐼𝐶 𝑡.
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Finally, we let 𝛽1 = 1 − ∑𝑡≥2 𝛽𝑡.
This definition immediately gives us (i) 𝛽𝑡 ≥ 0 for each 𝑡 ∈ [2 ∶ 𝑠],

(ii) 𝜙(𝑡)𝑗,𝑗′ ≥ 0 for each 𝑡 ∈ [𝑠], 𝑗 ∈ 𝐷𝐶 𝑡, 𝑗′ ∈ 𝐼𝐶 𝑡, and (iii) Bullet B of
Lemma 13. Further, according to the definition and our induction
hypothesis, we have ∑𝑗∈[2∶𝑠] 𝛽𝑗 ≤ ∑𝑗∈[2∶𝑠]

̃𝛽𝑗 = 1. Therefore, we
have 𝛽1 ≥ 0. In addition, if 1 ∈ 𝐼𝐶𝑠, we have 𝛽1 = 0 because 1 ∈ 𝐼𝐶 𝑡

for any 𝑡 ≥ 2 and ∑𝑗∈[2∶𝑠] 𝛽𝑗 = ∑𝑗∈[2∶𝑠]
̃𝛽𝑗 = 1. This, together

with our definition that 𝛽𝑡 = ̃𝛽𝑡 or 𝛽𝑡 =
𝑊̃
𝑊 ⋅ ̃𝛽𝑡, shows Bullet D of

Lemma 13.
Next, we will show that Bullets A, E in Lemma 13 and (C(i)) and

(C(ii)) in the stronger argument hold.

Bullet A of Lemma 13. For 𝑡 ∈ [2 ∶ 𝑠] and 𝑗 ∈ 𝐷𝐶 𝑡 such that
𝑗 ≠ 1, Bullet A follows the fact that 𝜙(𝑡)𝑗,𝑗′ = ̃𝜙(𝑡)𝑗,𝑗′ for any 𝑗

′ ∈ 𝐼𝐶 𝑡 and

our definition that 𝜙(𝑡)𝑗,1 = 0 if 1 ∈ 𝐼𝐶 𝑡. For each 𝑡 ∈ [2 ∶ 𝑠] such that

1 ∈ 𝐷𝐶 𝑡, according to our definition of 𝜙(𝑡)1,𝑗′ , we have

∑
𝑗′∈𝐼𝐶 𝑡

𝜙(𝑡)1,𝑗′ = ∑
𝑗′∈𝐼𝐶 𝑡

1
𝑊̃

⋅
𝜂̃𝑡(𝑗′)

̃𝛽𝑡

=
∑ℓ≥𝑡 𝑤(ℓ) + ∑𝑗∈𝐷𝐶 𝑡∖{1} 𝑤(𝑗) ⋅ ̃𝜙(𝑡)𝑗,𝑡

𝑊̃

+ ∑
𝑗′∈𝐼𝐶 𝑡∖{𝑡}

𝑤(𝑗′) + ∑𝑗∈𝐷𝐶 𝑡∖{1} 𝑤(𝑗) ⋅ ̃𝜙(𝑡)𝑗,𝑗′

𝑊̃
(Equation (16))

=
∑𝑗∈𝐼𝐶 𝑡∪[𝑡+1∶𝑠] 𝑤(𝑗)

𝑊̃
+ ∑

𝑗∈𝐷𝐶 𝑡∖{1}
𝑤(𝑗) ⋅ ∑

𝑗′∈𝐼𝐶 𝑡

̃𝜙(𝑡)𝑗,𝑗′

𝑊̃

=
∑𝑗∈𝐼𝐶 𝑡∪[𝑡+1∶𝑠] 𝑤(𝑗)

𝑊̃
+ ∑

𝑗∈𝐷𝐶 𝑡∖{1}

𝑤(𝑗)
𝑊̃

(induction hypothesis)

=
∑𝑗∈[2∶𝑠] 𝑤(𝑗)

𝑊̃
= 1 .

Stronger argument (C(i)). Next, we assume that Φ(𝑡)
𝑗 , 𝐵𝑡, 𝜂𝑡, 𝑤𝑠′

are defined through Equations (13) and (14). First, we prove that
𝜂𝑡(𝑗′) = 𝜂̃𝑡(𝑗′) for any 𝑡 , 𝑗′ ∈ [2 ∶ 𝑠] by discussing two cases.

• If 1 ∈ 𝐼𝐶 𝑡, 𝛽𝑡 = ̃𝛽𝑡 and we don’t have new parameters 𝜙(𝑡)1,𝑗′ .
Therefore, 𝜂𝑡(𝑗′) = 𝜂̃𝑡(𝑗′) by its definition Equation (13).

• If 1 ∈ 𝐷𝐶 𝑡, 𝛽𝑡 =
𝑊̃
𝑊 ⋅ ̃𝛽𝑡. Therefore, according to Equation (13),

we have 𝜂𝑡(𝑗′) =
̃𝛽𝑡

𝛽𝑡
⋅ 𝜂̃𝑡(𝑗′) + 𝛽𝑡 ⋅ 𝑤(1) ⋅ 𝜙

(𝑡)
1,𝑗′ =

𝑊̃
𝑊 ⋅ 𝜂̃𝑡(𝑗′) +

𝑊̃
𝑊 ⋅

̃𝛽𝑡 ⋅ 𝑤(1) ⋅
𝜂̃𝑡(𝑗′)
𝑊̃ ̃𝛽𝑡

= 𝑊̃+𝑤(1)
𝑊 ⋅ 𝜂̃𝑡(𝑗′) = 𝜂̃𝑡(𝑗′).

Note that 𝜂1(𝑗′) = 0 for any 𝑗′ ≥ 2 because 𝑗′ ∉ 𝐼𝐶1 ∪ 𝐷𝐶1.
This implies 𝑤𝑠′(𝑗′) = 𝑤̃𝑠′(𝑗′) for any 𝑗′, 𝑠′ ∈ [2 ∶ 𝑠] and thus
𝑤𝑠(𝑗′) = 𝑤(𝑗′) for any 𝑗′ ∈ [2 ∶ 𝑠]. Further, we prove 𝑤𝑠(1) = 𝑤(1)

as follows.

𝑤𝑠(1) = 𝛽1 ⋅ 𝑊 + 𝑤(1) ⋅ ∑
𝑡≥2∶1∈𝐼𝐶 𝑡

𝛽𝑡

= 𝑊 ⋅ (1 −∑
𝑡≥2

𝛽𝑡) + 𝑤(1) ∑
𝑡≥2∶1∈𝐼𝐶 𝑡

𝛽𝑡

= 𝑊 ⋅ (1 −∑
𝑡≥2

̃𝛽𝑡 + ∑
𝑡≥2∶1∈𝐷𝐶 𝑡

𝑤(1)
𝑊

⋅ ̃𝛽𝑡) + 𝑤(1) ∑
𝑡≥2∶1∈𝐼𝐶 𝑡

̃𝛽𝑡

= 𝑤(1) ⋅ ∑
𝑡≥2∶1∈𝐷𝐶 𝑡

̃𝛽𝑡 + 𝑤(1) ∑
𝑡≥2∶1∈𝐼𝐶 𝑡

̃𝛽𝑡 = 𝑤(1) .

(induction hypothesis:∑𝑡∈[2∶𝑠]
̃𝛽𝑡 = 1)

Stronger argument (C(ii)). Next, we fix any non-negative vector
{𝛼∗𝑗 }𝑗∈[𝑠]. Note that there exists some threhold 𝑡0 ≥ 2 such that
1 ∈ 𝐼𝐶 𝑡 for any 𝑡 ∈ [2 ∶ 𝑡0 − 1] and 1 ∈ 𝐷𝐶 𝑡 for any 𝑡 ∈ [𝑡0 ∶ 𝑠].
Recall the definition of 𝐵𝑡:

𝐵𝑡 = 𝛽𝑡 ⋅ ( ∑
𝑗∈𝐼𝐶 𝑡∖{𝑡}

𝑤(𝑗) ⋅ 𝛼∗𝑗 + ∑
𝑗∈𝐷𝐶 𝑡

𝑤(𝑗) ⋅ Φ(𝑡)
𝑗 +∑

𝑗≥𝑡
𝑤(𝑗) ⋅ 𝛼∗𝑡 ) .

Next, we prove Equation (C(ii)) by considering two cases: whether
𝑠′ < 𝑡0 or not.

The simpler case here is that 𝑠′ < 𝑡0. In this case, 𝛽𝑡 = ̃𝛽𝑡 for any
𝑡 ∈ [2 ∶ 𝑠′] and the Φ terms in the first 𝑠′ terms do not change
at all, i.e., Φ(𝑡)

𝑗 = Φ̃(𝑡)
𝑗 for any 𝑡 ∈ [2 ∶ 𝑠′] and 𝑗 ∈ 𝐷𝐶 𝑡. Therefore,

𝐵𝑡 = 𝐵̃𝑡 + ̃𝛽𝑡 ⋅ 𝑤(1) ⋅ 𝛼∗1 for any 𝑡 ∈ [2 ∶ 𝑠′]. According to our
induction hypothesis, we have

∑
𝑡∈[𝑠′]

𝐵𝑡 = 𝐵1 + ∑
𝑡∈[2∶𝑠′]

(𝐵̃𝑡 + 𝛽𝑡 ⋅ 𝑤(1) ⋅ 𝛼∗1 )

= (𝛽1 ⋅ 𝑊 + ∑
𝑡∈[2∶𝑠′]

𝑤(1) ⋅ 𝛽𝑡) ⋅ 𝛼∗1 + ∑
𝑡∈[2∶𝑠′]

𝐵̃𝑡

≥ 𝑤𝑠′(1)𝛼∗1 + ∑
𝑗∈[2∶𝑠]

𝑤̃𝑠′(𝑗)𝛼∗𝑗

−
2∑𝑗∈[2∶𝑠] 𝑤̃𝑠′(𝑗)

𝑊̃
⋅ cost𝑤̃𝑠′([2 ∶ 𝑠])

= ∑
𝑗∈[𝑠]

𝑤𝑠′(𝑗) ⋅ 𝛼∗𝑗 −
2∑𝑗∈[2∶𝑠] 𝑤̃𝑠′(𝑗)

𝑊̃
⋅ cost𝑤̃𝑠′([2 ∶ 𝑠])

Note that 𝑤𝑠′(1) ≥ 𝑤(1) ⋅ ∑𝑡∈[2∶𝑠′]
̃𝛽𝑡 and ∑𝑗′∈[2∶𝑠] 𝑤𝑠′(𝑗′) ≤ 𝑊̃ ⋅

∑𝑡∈[2∶𝑠′]
̃𝛽𝑡. We have 𝑤𝑠′(1) ≥ 𝑤(1)

𝑊̃
⋅ ∑𝑗′∈[2∶𝑠] 𝑤𝑠′(𝑗′). Therefore,

because 𝑤|[2∶𝑠′] = 𝑤̃|[2∶𝑠′] and 𝑊 = 𝑊̃ + 𝑤(1), we have

∑𝑗∈[𝑠] 𝑤𝑠′(𝑗)
𝑊

≥
∑𝑗∈[2∶𝑠] 𝑤𝑠′(𝑗)

𝑊̃
=

∑𝑗∈[2∶𝑠] 𝑤̃𝑠′(𝑗)

𝑊̃
.

Again, because 𝑤|[2∶𝑠] = 𝑤̃|[2∶𝑠], we have cost𝑤𝑠′([𝑠]) ≥ cost𝑤̃𝑠′([2∶
𝑠]) according to the definition of the weighted 𝑘-Means problem.
We have completed the proof for this case.

The more complicated case is that 𝑠′ ≥ 𝑡0. In this case, 𝑤𝑠′(1) =
𝑤(1) because we have 𝑤𝑠(1) = 𝑤(1); and 𝜂𝑡(1) = 0 for any 𝑡 > 𝑠′
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because 1 ∈ 𝐷𝐶 𝑡. Suppose that

∑
𝑡∈[2∶𝑡0−1]

𝐵̃𝑡 = ∑
𝑗∈[2∶𝑠]

𝑤̃𝑡0−1(𝑗) ⋅ 𝛼
∗
𝑗 − PD1 ,

∑
𝑡∈[𝑡0∶𝑠′]

𝐵̃𝑡 = ∑
𝑗∈[2∶𝑠]

(𝑤̃𝑠′(𝑗) − 𝑤̃𝑡0−1(𝑗)) ⋅ 𝛼
∗
𝑗 − PD2 .

According to our induction hypothesis, we have

PD1 ≤
𝑐 ⋅ ∑𝑗∈[2∶𝑠] 𝑤̃𝑡0−1(𝑗)

𝑊̃
⋅ cost𝑤̃𝑡0−1

([2 ∶ 𝑠]) , and

PD1 + PD2 ≤
𝑐 ⋅ ∑𝑗∈[2∶𝑠] 𝑤̃𝑠′(𝑗)

𝑊̃
⋅ cost𝑤̃𝑠′([2 ∶ 𝑠]) .

Next, we split∑𝑡∈[𝑠′] 𝐵𝑡 by two parts:∑𝑡∈[𝑡0−1] 𝐵𝑡 and∑𝑡∈[𝑡0∶𝑠′] 𝐵𝑡.

Note that Φ terms in the first 𝑡0 − 1 terms do not change, i.e., Φ(𝑡)
𝑗 =

Φ̃(𝑡)
𝑗 for any 𝑡 ∈ [2 ∶ 𝑡0 − 1] and 𝑗 ∈ 𝐷𝐶 𝑡. For the first term, we have

(assuming 𝑤̃1(𝑗′) = 0 for any 𝑗′ ∈ [𝑠])

∑
𝑡∈[𝑡0−1]

𝐵𝑡 = 𝐵1 + ∑
𝑡∈[2∶𝑡0−1]

(𝐵̃𝑡 + ̃𝛽𝑡 ⋅ 𝑤(1) ⋅ 𝛼∗1 )

= 𝑤(1) ⋅ 𝛼∗1 + ∑
𝑗∈[2∶𝑠]

𝑤̃𝑡0−1(𝑗) ⋅ 𝛼
∗
𝑗 − PD1

However, for the second term, because we have an additional term
Φ(𝑡)
1 for each 𝑡 ≥ 𝑡0 and we have 𝛽𝑡 =

𝑊̃
𝑊 ⋅ ̃𝛽𝑡 and 𝜙

(𝑡)
1,𝑗 =

1
𝑊̃
⋅ 𝜂̃𝑡(𝑗)̃𝛽𝑡

for

each 𝑡 ≥ 𝑡0 and 𝑗 ∈ 𝐼𝐶 𝑡, we need a more careful derivation:

∑
𝑡∈[𝑡0∶𝑠′]

𝐵𝑡

= ∑
𝑡∈[𝑡0∶𝑠′]

(
𝛽𝑡
̃𝛽𝑡
⋅ 𝐵̃𝑡 + 𝛽𝑡 ⋅ 𝑤(1) ⋅ Φ

(𝑡)
1 )

= ∑
𝑡∈[𝑡0∶𝑠′]

(
𝛽𝑡
̃𝛽𝑡
⋅ 𝐵̃𝑡 + 𝛽𝑡 ⋅ 𝑤(1) ⋅ ∑

𝑗′∈𝐼𝐶 𝑡
𝜙(𝑡)1,𝑗′ ⋅ (𝛼

∗
𝑗′ − 𝑐 ⋅ 𝑑2(1, 𝑗′)))

= ∑
𝑡∈[𝑡0∶𝑠′]

(𝑊̃
𝑊

⋅ 𝐵̃𝑡 +
𝑊̃𝑤(1) ̃𝛽𝑡

𝑊
∑
𝑗′∈𝐼𝐶 𝑡

𝜂̃𝑡(𝑗′)

𝑊̃ ̃𝛽𝑡
⋅ (𝛼∗𝑗′ − 𝑐 ⋅ 𝑑2(1, 𝑗′)))

= 𝑊̃
𝑊

∑
𝑡∈[𝑡0∶𝑠′]

𝐵̃𝑡 +
𝑤(1)
𝑊

∑
𝑡∈[𝑡0∶𝑠′]

∑
𝑗′∈𝐼𝐶 𝑡

𝜂̃𝑡(𝑗′)(𝛼∗𝑗′ − 𝑐 ⋅ 𝑑2(1, 𝑗′))

= 𝑊̃
𝑊

( ∑
𝑗′∈[2∶𝑠]

(𝑤̃𝑠′(𝑗′) − 𝑤̃𝑡0−1(𝑗
′))𝛼∗𝑗′ − PD2)

+
𝑤(1)
𝑊

∑
𝑗′∈[2∶𝑠]

(𝑤̃𝑠′(𝑗′) − 𝑤̃𝑡0−1(𝑗
′))(𝛼∗𝑗′ − 𝑐 ⋅ 𝑑2(1, 𝑗′))

= ∑
𝑗′∈[2∶𝑠]

(𝑤̃𝑠′(𝑗′) − 𝑤̃𝑡0−1(𝑗
′)) (𝛼∗𝑗′ −

𝑐𝑤(1)𝑑2(1, 𝑗′)
𝑊

) − 𝑊̃
𝑊

⋅ PD2

Because we have 𝑤𝑠′(𝑗′) = 𝑤̃𝑠′(𝑗′) for any 𝑗′ ∈ [2 ∶ 𝑠], we have

∑
𝑡∈[𝑠′]

𝐵𝑡 = ∑
𝑗′∈[𝑠]

𝑤𝑠′(𝑗′) ⋅ 𝛼∗𝑗′ −

(PD1 +
𝑊̃
𝑊

⋅ PD2 + 𝑐 ∑
𝑗′∈[2∶𝑠]

𝑤(1)(𝑤𝑠′(𝑗′) − 𝑤𝑡0−1(𝑗
′))

𝑊
⋅ 𝑑2(1, 𝑗′))

(pairwise distance)

It suffices to upper bound the pairwise distance part. Note that the
pairwise distance can be rewritten as

𝑊̃
𝑊

⋅ (PD1 + PD2) + 𝑐 ∑
𝑗′∈[2∶𝑠]

𝑤(1) ⋅ 𝑤𝑠′(𝑗′)
𝑊

⋅ 𝑑2(1, 𝑗′)

+
𝑤(1)
𝑊

⋅ (PD1 − 𝑐 ∑
𝑗′∈[2∶𝑠]

𝑤𝑡0−1(𝑗
′) ⋅ 𝑑2(1, 𝑗′))

According to our induction hypothesis,

PD1 ≤
𝑐 ⋅ ∑𝑗′∈[2∶𝑠] 𝑤̃𝑡0−1(𝑗

′)

𝑊̃
⋅ cost𝑤̃𝑡0−1

([2 ∶ 𝑠])

≤ 𝑐 ⋅ cost𝑤̃𝑡0−1
([2 ∶ 𝑠])

= 𝑐 ⋅ cost𝑤𝑡0−1
([2 ∶ 𝑠]) (𝑤𝑡0 |[2∶𝑠] = 𝑤̃𝑡0 |[2∶𝑠])

≤ 𝑐 ⋅ ∑
𝑗′∈[2∶𝑠]

𝑤𝑡0−1(𝑗
′) ⋅ 𝑑2(1, 𝑗′) .

Again, according to our induction hypothesis, we have

𝑊̃
𝑊

⋅ (PD1 + PD2) ≤
𝑐 ⋅ ∑𝑗′∈[2∶𝑠] 𝑤̃𝑠′(𝑗′)

𝑊
⋅ cost𝑤̃𝑠′([2 ∶ 𝑠])

=
𝑐 ⋅ ∑𝑗′∈[2∶𝑠] 𝑤𝑠′(𝑗′)

𝑊
⋅ cost𝑤𝑠′([2 ∶ 𝑠])
(𝑤𝑠′ |[2∶𝑠] = 𝑤̃𝑠′ |[2∶𝑠])

= 𝑐
𝑊

⋅ ∑
𝑗,𝑗′∈([2∶𝑠]2 )

𝑤𝑠′(𝑗) ⋅ 𝑤𝑠′(𝑗′) ⋅ 𝑑2(𝑗, 𝑗′)

Because 𝑤𝑠′(1) = 𝑤(1), we have

𝑊̃
𝑊

⋅ (PD1 + PD2) + 𝑐 ⋅ ∑
𝑗′∈[2∶𝑠]

𝑤(1) ⋅ 𝑤𝑠′(𝑗′)
𝑊

⋅ 𝑑2(1, 𝑗′)

≤ 𝑐
𝑊

⋅ ∑
𝑗,𝑗′∈([𝑠]2 )

𝑤𝑠′(𝑗) ⋅ 𝑤𝑠′(𝑗′) ⋅ 𝑑2(𝑗, 𝑗′)

=
𝑐 ⋅ ∑𝑗′∈[𝑠] 𝑤𝑠′(𝑗′)

𝑊
⋅ cost𝑤𝑠′([𝑠]) .

Therefore, the pairwise distance part can be upper bounded by
𝑐⋅∑𝑗′∈[𝑠] 𝑤𝑠′(𝑗′)

𝑊 ⋅ cost𝑤𝑠′([𝑠]). In conclusion, we get

∑
𝑡∈[𝑠′]

𝐵𝑡 ≥ ∑
𝑗′∈[𝑠]

𝑤𝑠′(𝑗′) ⋅ 𝛼∗𝑗 −
𝑐 ⋅ ∑𝑗′∈[𝑠] 𝑤𝑠′(𝑗′)

𝑊
⋅ cost𝑤𝑠′([𝑠]) .

Bullet E of Lemma 13. If 1 ∈ 𝐼𝐶𝑠, we have 𝜙(𝑠)𝑗,1 = 0 for any 𝑗 ∈ 𝐷𝐶𝑠

and 𝜙(𝑠)𝑗,𝑗′ = ̃𝜙(𝑠)𝑗,𝑗′ for any 𝑗 ∈ 𝐷𝐶𝑠∖ and 𝑗′ ∈ 𝐼𝐶𝑠∖{1}. Therefore, Bullet
E follows the induction hypothesis directly.

If 1 ∈ 𝐷𝐶𝑠, according to our definition, for any 𝑗′ ∈ 𝐼𝐶𝑠, we have
𝜙(𝑠)1,𝑗′ =

1
̃𝛽𝑠
⋅ (𝑤(𝑗′) + ∑𝑗∈𝐷𝐶 𝑠∖{1} 𝑤(𝑗) ⋅ ̃𝜙(𝑠)𝑗,𝑗′). Because ̃𝜙(𝑠)𝑗,𝑗′/𝑤(𝑗

′) is

monotone in 𝑗′, we have 𝜙(𝑠)1,𝑗′/𝑤(𝑗
′) is also monotone in 𝑗′. The

monotonicity of 𝜙(𝑠)𝑗,𝑗′/𝑤(𝑗
′) for any 𝑗 ∈ 𝐷𝐶𝑠 ∖ {1} follows the defi-

nition that 𝜙(𝑠)𝑗,𝑗′ = ̃𝜙(𝑠)𝑗,𝑗′ and the induction hypothesis directly.
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