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Abstract—Clustering is a basic task in data analysis and
machine learning, and the optimization of clustering objectives
are well-studied optimization problems; amongst these, the k-
Means objective is arguably the most well known. Given a
collection of points in a metric space, the goal is to partition
them into %k clusters, each with an associated center, so as
to minimize the sum of squared distances of points to their
cluster centers. In this paper, we present a polynomial-time
3 4+ 2v/2 + ¢ < 5.83-approximation algorithm for k-Means in
general metrics. This substantially improves on the current-best
(9 + ¢)-approximation in [Ahmadian, Norouzi-Fard, Svensson,
Ward - FOCS’17, SICOMP’20], and even slightly improves on
the 5.92-approximation in [Cohen-Addad, Esfandiari, Mirrokni,
Narayanan - STOC’22] for the Euclidean special case.

A natural approach for k-Means is to leverage Lagrangian
Multiplier Preserving (LMP) approximations for the facility
location problem. The previous best results for k-Means build
upon an adaptation of an LMP 3-approximation for facil-
ity location with metric connection costs in [Jain, Vazirani -
J.ACM’01] based on a primal-dual method, rather than on the
improved LMP greedy 2-approximation for the same problem
in [Jain, Mahdian, Markakis, Saberi, Vazirani - J.ACM’03].
The barrier to using the improved LMP algorithm was that
no adaptation of this algorithm and its analysis to the case
of squared metric connection costs was known (since squared
distances violate triangle inequality). Our main contribution is
overcoming this barrier by providing such an adaptation. This
new LMP approximation algorithm is then combined with the
framework recently introduced in [Cohen-Addad, Grandoni, Lee,
Schwiegelshohn, Svensson - STOC’25] for the related (metric) k-
Median problem.

Index Terms—Approximation Algorithm, Clustering, k-Means

I. INTRODUCTION

In a generic clustering problem we are given a collection
of points together with a dissimilarity measure (i.e. distance
function) between pairs of points. The high-level goal is to
partition the points into a “small” number of clusters so that
similar points are clustered together while dissimilar ones are
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clustered separately. One of the most fundamental and best-
studied clustering problems is k-Means. Here we are given a
collection D of n points (or clients) and a collection F' of
centers (or facilities), as well as a integer £ > 0. We are also
given metric distances d : (DU F) x (DU F) — Rx(. Our
goal is to select a set S of k centers (the open centers) so as
to minimize the sum of the squared distances from each client
to the closest open center, i.e.,

d*(5,8) = Y mind?(j,1).
j;) (4:5) J;) min d*(j, 9)
Observe that each feasible solution .S naturally induces k
clusters where the cluster associated with ¢ € S is given by
the clients that are closer to ¢ than to any other center in
S (breaking ties arbitrarily). We next use OPTj to denote a
reference optimal solution and opt;, to denote its cost. When
k is clear from the context, we simply use OPT and opt.

k-Means is NP-hard and well-studied in terms of approx-
imation algorithms. It is impossible to approximate it (in
polynomial time) better than a factor 1+ 8/e ~ 3.94 [1]. The
current-best (polynomial-time) approximation factor for this
problem is 9+¢ for any constant € > 0 by Ahmadian, Norouzi-
Fard, Svensson, and Ward [2]. Their algorithm is based on
a primal-dual Lagrangian Multiplier Preserving (LMP) 9-
approximation algorithm for facility location with squared
metric connection costs (similar in spirit to a classical primal-
dual 3-approximation algorithm by Jain and Vazirani [3] for
metric connection costs), plus a careful way to combine so-
called bi-point solutions that introduces a 1 4 € factor only
in the approximation (rather than a larger constant factor as
in prior work). This improved on an earlier 25-approximation
by Gupta and Tangwongsan [4] based on local search: we
will need this result later. Interestingly a (1 + 8/e + ¢)-
approximation can be obtained in FPT time [5].

Very often in practice one considers the Euclidean special
case of k-Means (which in the literature is often just called k-
Means), where the clients are n points in the (d-dimensional)

'Tt can equivalently be phrased as the problem of partitioning the given
points (D) into k disjoint clusters and finding the best center (amongst F')
for each cluster, to minimize the k-Means objective.
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Euclidean space, with the respective distances. In this case
one is allowed to select any point in the Euclidean space
as a center. However known reductions [6]-[8] allow one to
focus on a set of candidate centers F of size n<(1) while
introducing a factor 1+¢ in the approximation for any constant
€ > 0. Therefore one can (essentially) see the Euclidean
case as a special case of the metric one. The best-known
approximation factor for the Euclidean case is 5.92 by Cohen-
Addad, Esfandiari, Mirrokni, Narayanan [9]. This improves on
a sequence of increasingly better approximations for the prob-
lem: a (9+¢)-approximation by Kanungo, Mount, Netanyahu,
Piatko, Silverman, and Wu [10], a 6.36-approximation by
Ahmadian et al. [2], and a 6.13-approximation by Grandoni,
Ostrovsky, Rabani, Schulman, and Venkat [11].

Our main result is a 5.83-approximation for (metric) k-
Means. More precisely, we get the following:

Theorem 1. For any constant € > 0, there is a polynomial-
time randomized (3 + 2/2 + €)-approximation for (metric)
k-Means.

We remark that the above result not only substantially
improves the current best (9+¢)-approximation for the general
metric case [2], but even slightly the current best 5.92-
approximation for the Euclidean case [9]. We overview our
approach in Section II.

A. Related Work

k-Means belongs to the family of k-clustering problems
where the target number of clusters k£ is fixed. Other fa-
mous examples are k-Center and k-Median. In k-Center one
wishes to select a set S of k centers so as to minimize the
maximum distance from any client to S, i.e., the objective
function to minimize is max;ecp d(j,S). This problem admits
a simple greedy 2-approximation which is best possible unless
P = NP [12], [13]. k-Median is defined like k-Means, except
that here one wishes to minimize the sum of the distances
rather than squared distances, i.e., the objective function is
> jep d(j, S). k-Median is very close to k-Means in terms
of results and techniques. k-Median is hard to approximate
below a factor 1 + 2/e [1]. For general metric distances, the
first constant approximation was achieved by Charikar, Guga,
Tardos and Shmoys [14]. After a very long sequence of im-
provements [15]-[21], the current-best (2 + €)-approximation
for this problem was very recently achieved by Cohen-Addad,
Grandoni, Lee, Schwiegelshohn, and Svensson [22]. This is
also the best result for the Euclidean case, improving on an
earlier 2.406-approximation [9].

II. OVERVIEW OF OUR APPROACH

At a very high level, our approach looks similar in spirit
to the one leading to a recent (2 + ¢)-approximation for
the related k-Median problem by Cohen-Addad, Grandoni,
Lee, Schwiegelshohn, and Svensson [22]. In more detail, we
exploit a combination of two different algorithms. The first
one is a bicriteria approximation algorithm with the desired
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approximation factor, which opens O(logn/c2) more centers
than the k allowed ones.

Theorem 2. For any constant ¢ € (0,1/6), there is a
polynomial-time algorithm for k-Means that returns a solution
containing at most k+O(logn/e?) centers and of cost at most
(342v2+¢e)opt.

The second algorithm is a radically different (5 + ¢)-
approximation algorithm that only works for instances which
are stable in the following sense. We say that an instance of
k-Means is [-stable if opt,_, > (1 + 5)opt,, where opt,_,
is the optimal cost for the same instance but with the target
number of centers being k£ — 1.

Theorem 3. For any constants €,( > 0, there is a polynomial-
time randomized algorithm for k-Means that with high prob-
ability returns a solution of cost at most (5 + €)opt assuming
that the input instance is ({/logn)-stable.

It is relatively easy to derive Theorem 1 from the above two
theorems.

Proof of Theorem 1. We compute a set of feasible solutions,
and return the cheapest one. Let A be the maximum extra
number of centers computed by the algorithm from Theorem 2
(this number is independent from k). Let &' = max{1,k—A}.
One solution is obtained by computing the optimum solution
with one center if &/ = 1, and otherwise by running the
algorithm from Theorem 2 with target number of centers
being k' (notice that it returns a solution with at most k
centers, hence feasible). Furthermore, we run the algorithm
from Theorem 3 for every integer & € (k’, k] (thus obtaining
solutions with k” < k centers, hence feasible).

If opt;, is not much larger than opt, (more precisely
opt, < (1+¢)opty,), the first solution is (14¢)(3+2v2+¢)
approximate. Otherwise, notice that there exists an integer
k" € (k',k] such that opt,,, < (1 + €)opt, and opt,,_; >
(14-B)opt,.. for 3 € Q(e/A) = Q(e3/logn). For that value of
k" the corresponding instance is [3-stable, hence the respective
solution has cost at most (5 + ¢)opt,, < (1+¢)(5 + €)opt,,.
The claim follows by rescaling € by a constant factor. O

It remains to describe how the above two theorems are
obtained. The algorithm from Theorem 3 is rather complex
and its analysis is highly non-trivial (see Section 5 of the
arXiv version). However, it is a relatively easy adaptation
of the (2 + €)-approximation algorithm in [22] for a similar
notion of stable k-Median instances. The main difference is
that we have to carefully use an approximate form of triangle
inequality (see Lemmas 5 and 6). This also explains why we
get a higher approximation factor 5 + ¢.

The main contribution of this paper is our proof of Theorem
2. In more detail, we consider the related facility location
problem (with uniform opening costs). Recall that here, instead
of a bound k on the number of centers, we are given a uniform
facility cost f. We are now allowed to open an arbitrary
number of centers/facilities .S, and the objective function is
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the total cost of the open facilities plus the squared distance
from each client to the closest (open) facility in S, i.e.,

costpr(S) = f|S|+ > d*(4,5).
jeD
We say that an algorithm for the above problem is LMP I'-
approximate if it produces a feasible solution .S such that

T f15]+ 3 d(.9) < T - opty p():

jE€D

6]

where opt; (f) < opt is the optimal cost of a standard LP
relaxation for the problem (see Section IV). In other words,
the solution cost at most I'-opt even if we increase the facility
cost of S by a factor T

Recall that the current-best (9 + ¢)-approximation for (Met-
ric) k-Means by Ahmadian et al. [2] builds upon a primal-
dual LMP 9-approximation for facility location (with squared
metric connection costs), which is inspired by a classical
primal-dual 3-approximation by Jain and Vazirani [3] for the
case of metric connection costs. Our main contribution is a
greedy LMP (3 + 2+/2)-approximation for facility location
with squared metric connection costs which is a non-trivial
(but relatively simple) variant of the classical greedy LMP
2-approximation (JMMSV) for facility location with metric
connection costs by Jain, Mahdian, Markakis, Saberi, and
Vazirani [16]. It is instructive to recall how JMMSV works
in order to see the differences.

a) The JMMSV Greedy Algorithm.: The algorithm has a
variable «; per client j (initialized to 0), a set S of open
facilities (initialized to (), and a set A of active clients
(initialized to D ). At each point of time, the bid bid(j,1)
of client j towards facility ¢ is [a; — d(j,4)] if j is active
and [d(j, S) — d(j,4)]" otherwise?. The variables «; of active
clients are increased uniformly until one of the following
events happens:

(a) For some client j and i € S, j > d(j,%). In that case j
is removed from A and we say that j is connected to ;
(b) For some (not open) facility ¢ ¢ S, one has
> jep bid(j i) = f.2 In that case we open i, i.e., we
add i to S. Furthermore, each j € A with o; > d(j, 1) is
removed from A (and connected to j). Also, each inactive
client j € D — A with bid(j,¢) > 0 is reconnected to i.

b) Counterexample for the Naive Extension.: The intu-
ition behind the bids is as follows. On the one hand, the active
clients j (which are not yet connected to an open facility) are
willing to pay the difference «; — d(j,) (if positive) to open
i, while reserving d(j,7) for their own connection cost to i.
On the other hand, the inactive clients j € D — A which
are already connected to the closest facility in S, are willing

2We let [a]t := max{0, a}.

3To be precise, this version of JMMSV establishes an equivalent notion
of approximation, but not exactly the LMP 2-approximation defined in
Equation (1); Ehe latter is achieved when we run the algorithm with scaled
opening cost f = 2f, which our actual algorithms do with different scaling
factors. In this overview, let us ignore this subtlety and conflate these two
notions of approximations while just using f.
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to offer d(j,S) — d(j,4) (if positive) towards the opening of
facility ¢: if then ¢ is actually opened, j reconnects to ¢ which is
closer (while altogether still spending «; in total). This also
motivates the term greedy. Notice that at any point of time
active clients j satisfy o; < d?(j, 9).

1 i 2 i
° [ | ° |
—05 0 05 2

Fig. 1: Counterexample for the naive variant of JIMMSV algorithm.
The example is on a line. Red circles represent the key clients, while
blue squares represent the key facilities. The facility opening cost is

I

A naive idea is to adapt the above algorithm to the case of
squared distances by simply replacing d(-,-) with d?(-,-). It
is instructive to see why this attempt fails miserably (which
also explains why prior work [2], [9] use variants of the Jain-
Vazirani algorithm [3] instead, despite the worse approxima-
tion factor). Consider the example in Figure 1, where we have
two facilities ¢ and %', and two clients 1 and 2, all on a line,
with distances specified in the figure. The facility opening cost
is f. Consider the following (hypothetical but valid) execution
of the algorithm.

o Time f/2 + 0.25 — &: facility 4’ is open by client 2 and

other clients not in the figure.

— At that time, client 1 and 2’s bid to i was f/2 — ¢
each (so ¢ was very close to be opened), but after the
opening of 7', client 2 lowers its bid to i to (1/f/2 —
0.5)> = 0.5% = f/2— \/f/2.

e Time f/2+ +/f/2 + 0.25: facility 7 is open as the bid
from client 1 becomes f/2 + +/f/2 + 0.25 — 0.25 =
112+ TP

e To prove an LMP I'-approximation, the dual constraint
corresponding to a solution where 1 and 2 are connected
to i (paying f for opening and 2 - 0.52 = 0.5 for
connecting) requires that a; +ag < f+0.5I. Our a1 o
is f++/f/2+ 0.5 — &, which is only an LMP Q(+/f)-
approximation.

In this example, client 2 contributes to the opening of some
center far away from it, with a contribution much less than
its o value. Or equivalently, the connection cost d?(2,') is
strictly but only slightly smaller than a. This is the key (and
essentially the only) reason why this naive variant of JMMSV
does not work; one can see that any other assumption between
as and d?(2,4’) in the above example (realized by moving
i/ and clients not in the figure) would lead to a good LMP
approximation as follows.

o If d?(2,i') = ag, then 2’s bid to i is az — 0.25 even
after the opening of i/, so the fact that i was open at
time oy — € (for infinitesimally small ¢ > 0) implies
ay +as < f+0.5.

o If d?(2,i') < (1 — §)as for some constant § > 0, we
could simply use an approximate version of the triangle
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inequality to prove a good LMP approximation. For

example, if 6 = 1/2, we would have a; < d?(1,4") <

2d2(2,i") + 4(d*(1,7) + d?(2,4)) < a» + 2. Since

as < f/2+4 0.25 in this example, this would give us

a1 +ag = f+O(1).

¢) Our Algorithm.: This inspired us to construct a differ-
ent variant of the JMMSYV algorithm in the following spirit: if
a client can contribute to the opening of a facility, its o value
must be much higher than its connection cost to the facility
(e.g., at least twice as high as it). In more detail, our LMP
algorithm uses the following different bidding strategy. Let
v > 1 be a parameter to be fixed later. The bid of active clients
is [o;—vd?(j,4)]". In particular notice that j cannot contribute
to the opening of i if a; < vd?(j,4) (while one might naturally
expect it for a; > d?(j,i)). However, whenever o; > d?(j, 1)
for some already open facility ¢ € S and active clients j, we
still connect j to ¢ and make j inactive. In the above case, if
yd?(4,1) > oy, we say that j is indirectly connected to i since
7 did not contribute to the opening of ¢ with a positive bid. The
inactive clients j that are connected to an open facility ¢ whose
opening they contributed to, are called directly connected.
The bids for directly and indirectly connected clients in the
later steps are different: they are [o; — vd?(j,4)]* for the
indirectly connected ones and [yd?(j, S) — vd?(j,)]* for the
directly connected ones. When an indirectly connected client
contributes to the opening of a facility, it becomes directly
connected. For the above process, we are able to show that
the final solution S satisfies:

D a; = fISI+ ) d23,8),

jeD jeED

i.e., the cost of the solution is upper bounded by the sum of
the variables «;. Furthermore, we can establish the following
inequality showing that «;’s, after scaling, form a dual-feasible
solution.

+
3 {aj— <7+2+%) d%jw’)} <f VieF

jeD

The above equations together imply that the overall algorithm
is an LMP (v + 2 + ~%)-approximation for the considered
facility location problem. Fixing v = 1+ /2 gives the claim.

d) Opening k Centers.: With the above LMP approxima-
tion for facility location at hand, we can now derive the result
in Theorem 2 following an approach again close to [22]. A
standard way to derive a pgaseans-approximation algorithm
for k-Means from an LMP pp-approximation for facility
location with squared metric connection costs is to perform
a binary search over the uniform facility cost f so as to
obtain a solution with k; < k open facilities for some facility
cost f1, and a solution with ko > k open facilities for some
facility cost fo < f1, where the difference between f; and fo
is very tiny. This is called a bi-point solution. Then the two
solutions are combined together to obtain a solution opening
k facilities. This combination is typically costly, hence leading

to a factor pjaseans Substantially larger than pr*. We instead
carefully modify the mentioned LMP (3+2+/2)-approximation
for facility location (while increasing by ¢ the approximation
factor) so that the variables «; are increased in a logarithmic
number of rounds only (with a small multiplicative increase
at each round). Exploiting this fact and the walking-between-
solutions framework in [22], we are able to construct a bi-point
solution where ks < k 4+ O(logn/e?). This leads to Theorem
2. Again, the details are rather technical but they are similar
in spirit to [22].

III. ORGANISATIONS

In this proceeding, we will only present our main contribu-
tion, the greedy algorithm. In the arXiv version, we present the
full paper, including the bicriteria (3+2+/2-+¢)-approximation
with O(logn/e?) extra centers (Section 5), which is built on
the greedy algorithm, and the (5+ O(4/¢))-approximation for
)-stable instances (Section 6).

( <
logn
IV. PRELIMINARIES

a) LP Relaxations and Basic Assumptions: Given
(D, F,d), the standard LP relaxations for k-Means and facility
location with squared distances and uniform opening cost f
are as follows.

min Y d(i,j)x, (LPgm)
i€F,jED
st Y wip>1 VjeD
icF
yi—wi; >0 VjeD,icF
Zyi <k
icF
z,y > 0.
min Z d(i, )+ f - Z Yi (LPpL(f))
i€F,jeD ier
s.t. Zx” >1 VjeD
ik
yi—xi; >0 VieD,ieF
z,y > 0.

Let opt; p(k) and opt; p(f) be the optimal values for L P,
and LPpr(f) respectively. Let [a]T := max(a,0). The dual
for LPpp(f) is:

max Z Q; (DPrL(f))
jeD
st Y oy —d(i, )|t < f Vie F
jeD
a>0.

4An exception is the approach in [2] which loses only a factor (1 + ¢).
However their approach is tailored to the specific LMP algorithms considered
in that work and hard to adapt to others, as the authors openly admit.
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Thanks to standard reductions, we can assume that distances
are integers in [1,n3 /<] while loosing a factor 1+ O(e) in the
approximation.

Lemma 4. For any constants € > 0 and o > 1, given
a polynomial-time «-approximation algorithm for k-Means
on instances with distances in {1,... ,n3/e}, there exists a
polynomial-time o(1 + O(g))-approximation algorithm for k-
Means on general instances.

Proof. Consider any input instance (D U F,d) of k-Means.
Assume that n := |D| is large enough w.r.t. «, otherwise the
problem can be solved by brute force in polynomial time.
We guess M := max;cp d(j, OPT), where OPT is some
optimal k-Means solution, by trying all the polynomially-many
possibilities. If M = 0, the problem can be solved optimally
in polynomial time, hence assume M > 0. Next, for each
(i,7) € F x D, define d'(j,i) = d'(i, j) = max{1, [%gl}
if d(i,j) < M. Set all the remaining d’(a,b), a # b, to ™.
Finally, replace the d’(i,j)’s with the corresponding metric
closure. We run the given a-approximation algorithm on the
k-Means instance (D U F,d’), hence obtaining a solution S.
It is easy to check that S is a good enough approximation for
the input instance. O

b) Triangle Inequalities for Squared Distances.: Given
three distances d, d;, dy with d < d; +ds, the following lemma
provides a useful upper bound on d? as a function of d; and
dg. The next lemma provides a similar upper bound in an
analogous setting where d < dy + ds + ds.

Lemma 5. Let v > 1 be any constant. For any x,y we have
vo? + 5y > (v +y)2

Proof. Let us show for which values of b the inequality vz +
by? > (x + y)? holds. This is equivalent to requiring that the
quadratic form (y — 1)z? + (b — 1)y? — 2xy is non negative.
This happens iff v —1 > 0 (which is satisfied by assumption)
and (y—1)(b—1)—1 = 0, which is satisfied for b > —25. [

Lemma 6. Let v > 1 be any constant. For any x, y, z, we
have yx? + (2 + %) W+ > (r+y+2)>
Proof. The proof of this lemma consists of a rearrangement

of the LHS and applying the inequality of arithmetic and
geometric means:

2

)

:x2+y2+z2+<%

(35

> 2% +y? + 2% + 2zy + 222 + 29z
(AM-GM inequality)

O

—1 2
1 x2+4——ff)4kw2+z%
v—1

= (z+y+2)>°
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V. GREEDY ALGORITHM

We formally present the new greedy algorithm for facility
location with squared distances outlined in Section II. Let
y=1++v2and T = 7+2+% ~ 5.828 be the desired
approximation ratio. Given an instance (D, F, d, f) for facility
location, let f = I'f. Algorithm 1 presents our new greedy
algorithm achieving an LMP I'-approximation.

We say that the clients in A are active, that the clients in
IC are indirectly connected, and that the clients in DC' are
directly connected. The following standard lemma proves that
these a values are enough to pay the connection costs and the
(augmented) opening costs.

Lemma 7 (Approximation Guarantee). At the end of the
execution of GREEDY ALGORITHM, we have ZjED oy >

Sen i, S) + 1| -

Proof. First, let us show that it is sufficient to prove that at
the end of the execution, we have

Soaz Y 46,8+ > F.

jeDcC jeDnc i€s

2

Indeed, at the end of the execution, A = (), and for every
j € IC, a; > d?(j,S). Furthermore, v > 1, therefore, (2)
implies the lemma.

To this end, we prove that at any point in the execution of
GREEDY ALGORITHM, (2) holds.

The equality is initially true since DC = @) and S = 0.
Furthermore, since whenever the a-value of a client j reaches
d?(j, 9) it stops growing, no client is added to DC outside of
when a facility is opened.

We now consider what happens when we open a facility 4,
ie.,additto S. Let (o, S, A, IC, DC') be the state right before
opening 4, and set DC’' = {j € AUIC : a; > ~vd*(i,j)}.
and X = {j € DC : d*(j,i) < d?(j, S)}. The change of cost
of the right-hand side of (2) is at most

F+ D0 @60 + Y (P (,5) - (5, 9)).
jeDc’ jEX
Since the algorithm decided to open ¢, we also have
F< Y (g =2d(@0) + Y (vd*(j, S) = (i, 5)) -
jeDnc! JEX
We thus get that the change of cost of the right-hand side

is at most Y jepcr > which is the change of the left-hand
side. O

Let (aj)jep be the final vector of o values. We prove
the following lemma, which implies that «/T" is a feasible
solution for DPp,(f). Combined with Lemma 7, our solution
S satisfies

Z d*(j,8)+T|S|f < Z aj < Thoptyp(f) < Toptpp(f),
JjED jeD
which finishes the proof of the LMP I'-approximation.

Lemma 8 (Dual Feasibility). For every facility i, we have
Yjeploy =T, )" < f.
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Algorithm 1 (GREEDY ALGORITHM).

Initialization: Set S < () and «; < 0 for every j € D. Let A <~ D,IC + ), DC < ()

While A # (:

Increase the a-value of every j € A uniformly, until the following holds:

(1) There exists an unopened facility ¢ & S such that

> oy =@+ Y (5, 8) — v (@ )T 2 .
jeAuIC jEDC

If such event occurs, open i, i.e. add it to .S.

(2) Some j € A has a;; > d?(j, S).
Update A, IC, DC' so that
e A={j€eD:a; <d*3j,9)}
« IC={j€eD:d*@j,S) <a; <~d*(,5)}.
e« DC ={j € D:~d*(4,S) < ay}.

Proof. Consider a facility i. Let D* = {j € D : a; > should be directly connected to ¢. Therefore, we have

T'd?(i,7)}. Since a; < T'd?(i, j) for any j ¢ D*, it remains
to show that

Soa; < f4T Y (i)

jeD* jeED*

3

Let s = |D*| be the size of D*. Without loss of generality,
we assume that D* = [s] and it is sorted in non-decreasing
order of «; values, namely, oy < ... < a.

For each j € D*, let DCY (resp., IC”) be the set of clients
j" in [j — 1] such that point j' € DC (resp., 7/ € IC U A)
at time «; — ¢, where the value of € > 0 can be an arbitrary
positive number such that a;; — > I'-d?(3j,4) and such that no
client becomes connected or no facility becomes open between
aj — € (inclusive) and o; (exclusive). Similarly, let 57 be the
set S at time «; —¢. Then, for any j € D* and j' € DCY, the
squared distance between j and the facility ¢’ that 5/ connects
to at time «; — ¢ should be strictly larger than «; — €. This
is because otherwise we will stop growing «; at time a; — €.
Since ¢ here can be arbitrarily small, we have d?(j,4') > «;.
Further, applying Lemma 6, we have

Vj € [s],j € DCY,

aj < d*(j,i') < (d(j,1) + d(5',1) + d(5', 1))
<o)+ (24 20 ) @) + R0
< d(, 89) + (2+%) (&G,i) + (1)

“)

Note that a; —e > I'-d?(j, i) > v-d?(j, i) for any j € D*. At
time «; — ¢, facility ¢ is unopened, because otherwise client j

238

> G S —dP (!
J7eDCI
+ )

J<j'<s

Ty Z a,/—'de

j'elci

)"

0" <

[ — & —yd?(j", f

Again, since this € can be arbitrarily small and [v]T > v
for any value of v, for any 5 € D*, we have the following
inequality:

Y. (S —d (i

j’eDCi

D)+ Y (ay —yd* (i)

jreIci

+ Z (aj—’ydz(j' 7

J<j'<s

By applying Eq. (4), we get

) a]_(z+%) (d2(5,1) + d2(5", 1)) — 7d2(7, i)

j'eDCI
+ Y (g =GN+ Y (a—d () <
Jj'eICi J<j'<s
and we can simplify it as (using the definition of I' := v +
2
2+ ﬁ)
(s—j+1+4[DCT)-a;+ Y ay
jre1Cy
7 Y @G+ =) Y () + B ).
j’eD* j'eDCi
B5)

Next, we show that all Eq. (8;) (for j € D*) together imply
our objective Eq. (3). Let A;;/ define the coefficient of o in
Eq. (8;). That is, we have

1(5' € ICY) if 7/ < j;
0 if j > 7.
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And, we can rewrite Eq. (3;) as

S Ajpag < fiye Y A

j'€ls] j'e(s)
+ (T =) > (1= Ay )(d2(4,0) + (5, 4)).
J'<j
Let (1,...,08s be some coefficients such that Zje[s] B -

ije[s] Ajjrag = Zje[s] o, where we view each «; as a
variable. As we have A;;; = 0 for any j > j, we can easily
compute each 3; one by one, using the values of 8j41,..., 5.
According to the definition of A;/;, we have

Bj Z 6] 3’3 . (5)
J'>j
Since A;; € {0,1} for any j° > j, to show 8; > 0, it
suffices to show that ij> j B < 1. In fact, we will show the
following stronger fact.

Fact 9. Fix any j € {0} U [s]. We have > . ;B <

% where we define DC° := (.
Proof. Observe that A;, = 0 for any j' < ¢ € [s]. Since our
definition of 3}/ ensures that the coefficient of each ay (¢ € [s])

in Zj’e[s] ﬂj/ ZZe[s] Aj/ga( equals 1, ie., Zj’e[s] Bj/Aj/g =
1 for any ¢ € [s], this observation implies that the coefficient

of each ay (¢ > j) is exactly 1 in Zj,>j By ZZE[S] Ajrpa.

That is,

J'>3

Ve > j,

Summing over all such ¢ > j, we get

Do DA | Bir=s-13 ©)

3'>i \&>j
Recall the definition of A;/,, where we have for any j' > j,
Ajiji=s5—3' +1+|DC7|
=s—j' +1+ Y 1L(eDC")+> 1 eDC),
j<e<g’ 0<j

Ajg=1(L e IC7) Vi<t<j .

For any j < ¢ < j', we have either £ € DC" or ¢ € IC7'
(note that 1C7 " includes unconnected clients with index less
than j' at time o — ¢). For each j/ > j, each j < ¢ < j’
contributes exactly 1 to >, ; Ajr¢. Hence, for any j' > j, we

have
_ -/ -/ : 3’
D Aj=s—j'+1+(G' -1)—j+> 1(teDC’)
£>j L<j
> 5 —j+|DCY

where the inequality results from the fact that DCY' N -1 2
DCY for j' > j. Applying this lower bound to Eq. (6), we

get s —j > (s —j+ |DCY|) 3 Bjr, which is equivalent

s—j
to Zj’>j f)’j/ S 75 TFIDCT] O

Hence, we have 3; > 0 for any j € [s] according to our
earlier discussions. Further, we have

doai= B | D Aoy

jEls] JE[s] J'€ls]
]E[s JE€s]
) D Bl = Ay )(d (i) + 4 (')
J'<j€ls]
<f4r- ) dG)
]E[s
) D Bi(L— Ay (dGii) + A 4)-
J'<j€ls]
@)
Finally, to finish the proof, we show that
ZIBJ Z ]J)(d( )+d2 Zdzja
(s] J'<y J€ls]
(®)

Rearranging the LHS of the inequality, we show that the LHS
of Eq. (8) equals

STST B (- Ay - d2(4)
JE[s] 3'<J
+y > 6

Ajj) - d*(j',9)

JE[s] 3/ <3
:Z BJZ Ajjr "‘257 (1—A4;) -dZ(j,i)
JEls] J'<j J'>j
SZ ﬁ Zlf 5’ +Zﬁ] d]7
JEls] J'<j Jj'>3
(5" >34, Aj; €{0,1})
) s—17J 205
<D\ B A= )+ g | 6
JEls] 3'<j
(Fact 9)

Accordmg to the recurrence of 3; (Eq. (5)) we have §; <
T]J = W Note that, for any j' < j, A;; = 0
if and only if j/ ¢ ICY, ie, j/ € DCJ. Therefore,
> j<j(1=Ajj) = |[DC7|. We can further upper bound the
LHS of Eq. (8) by

|ch| s—7J 20 -
.4
g](s—j+1+DCJ|+s—j+|DCJ| (:9)
j€[s
‘chl S*_] 2/ . .
< , ) .4
_§](s—j+DCﬂ|+s—j+DC’J| (3:9)
j€[s
= d*(j,i)
JE[s]
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Putting Egs. (7) and (8) together, we get

Mooy <y Y dG )+ Y d2 )

Jjels] Jels] Jels]
=f4T-) d*(j.i) . O
1€[s]
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